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PARAMETRIC SUMMABILITY AND ITS APPLICATIONS TO MAXIMIZING OF THE
SUMMABILITY DOMAIN

JINLU LI''** AND ROBERT MENDRIS!

! Department of Mathematics, Shawnee State University, 940 Second Street, Portsmouth, OH 45662, USA

ABSTRACT. In this paper, we study parametric summability based on parameterized double sequences of
complex constants as it is defined in “Linear Operators, General Theory” by N. Dunford and J. T. Schwartz.
We define “power double sequences” or infinite “power matrices” as certain generalizations of double
sequences and power series. We show that the parameter dependence of the summability of power double
sequences is similar to convergence of power series and we introduce the radius of summability. That
opens a way to maximize the summability domain using the radius of summability. While others do
investigate “power matrices,” their definitions, as far as we were able to find, differ from ours. Using our
approach, we find new summability results for double sequences of constants in the case of power double
sequences. We will give some applications to both standard summability theory and analytic functions.
In section 7, we provide some examples to demonstrate the main results of this paper obtained in sections
5 and 6. Finally, to conclude this paper, in the last section, we give some ideas related to parametric
summability for further study.

Keywords. Parametric summability, General power matrices, Silverman-Toeplitz theorem, Radius of
summability.
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1. INTRODUCTION

The practical need to improve convergence gave the impulse to study sequence transformations al-
ready in 17th century and resulted in the creation of summability theory at the end of 19th century.
And the summability theory has been developed to be an important branch in the theory of analysis. It
has been developed and studied for a long-time history by many researchers (see [1, 3, 25, 7, 10, 12, 13,
14, 22, 26]). The summability theory has been applied to many subjects in the theory of analysis (see
[13, 14, 15, 22, 26]). The theme of the summability theory concentrates at the topics of convergent or
divergent of sequences and series (see [13, 14, 15, 18, 23]). Before the invention of computers, mainly
linear sequence transformations were studied. Approaches based on classical analysis culminated when
[13] was published. After those modern approaches based on functional analysis appeared. For a com-
prehensive review of classical and modern methods in summability (see [3]). From practical point of
view, regular linear transformations are in general at most moderately powerful in improving conver-
gence, and the popularity of most linear transformations has declined considerably in recent years. It
seems, however, that the limiting factor is regularity not linearity. Since there are different reasons
for transforming one sequence into another, then many researchers have studied infinite matrices and
summability methods for double series sequence spaces (see [4, 6, 11, 12, 16]). Recently also new pow-
erful non-linear sequence transformations attracted research and applications. This is discussed in a
nice historical review [25]. One more step further, when a random variable involves the convergence of
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a series, the statistical summability of double sequences or series has been rapidly developed by many
researches (see [2, 5, 8, 9, 10, 17, 19, 20, 21, 24]).

In this paper, we contribute to a new type of summability methods of parametric double sequences,
which we call a parametric summability.

This paper is organized as follows. In section 2, we review some concepts in the summability theory
and Silverman-Toeplitz Theorem. This is an important theorem in the summability theory, which will
be used in this paper; In sections 3 and 4 we introduce parametric double sequences; In section 5,
mainly by using the Silverman-Toeplitz theorem, we prove some summability results of parametric
double sequences; In section 6, we study the radius of Summability parametric double sequences and
provide some applications; In section 7, we give some applications of summability of parametric double
sequences to analytic functions and provided some examples.

2. PRELIMINARIES

Let A = {ai;}, i=1,2,..., j=0,1,2,..., be a double sequence of complex constants, that is,

aijp air a2

a a a
A= 20 21 22

azp asr az2

Let A be the set of all double sequences of complex constants and ¢ be the space of all convergent
sequences of scalars.

Definition 2.1. Suppose that a double sequence {a;;} defines a linear transformation 7" of ¢ onto itself
by means of formula

oo oo
T[Sl, 89, .. ] = [tl,tg, e ] = [Zaljsj, Zagjsj, . ]
Jj= 7=0

If T' preserves limits of sequences (i.e. if lim¢; = lim s; for every sequence (or vector) [s;] € c), then
i—00 j—o0

the double sequence (or matrix) A = {a;;} is said to define a regular method of summability.

Lemma 2.2. A deﬁnes a bounded linear map of c into c, if and only if the following three conditions hold:
@ Jub o] =1 <
(2) lima;j exists forj=0,1,2,....;
1— 00

[ee]

(3) lim Zaw exists.

’L—)OO]

Once A satisfies the above three conditions, for any column vector s = [sg, 51, S2, ...] € ¢, the
bounded linear map, A, of c into c is defined by

A(s); = Clzo hm s + Zawsj, fori=1,2,.
7=1
where A(s) = [A(s)1, A(s)2, A(S)3, ...].

Let B, denote the space of all linear bounded maps of ¢ into c¢. From Lemma 2.2, if A € B, , then it
has norm

Al =
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Theorem 2.3. (Silverman-Toeplitz) A defines a regular method of summability, if and only if the fol-
lowing three conditions hold:

(1 lub Z|a7,j|—M<OO

lzooj

(2) lima;; —Ofor] =0,1,2,...;
1— 00

(3) 'lim Zaij =1.

’L‘)OO]'ZO

It is clear that if A defines a regular method of summability, then A € B,.. One can find all, the
Definition, the Lemma, and Silverman-Toeplitz Theorem in [7].

One more step further, let A(z) = {fi;(2)}, i =1,2,..., j=0,1,2,..., be a double sequence of
functions with same domain D, which is a subset of complex numbers, that is,

fio(z)  fii(z)  fi2(2)
Az) = f20(2)  far(z)  fa2(2)
f30(2)  f31(z)  f32(2)

It is clear that for any input a € D, the output of A(a) € A. For any given a € D we have the
following Lemma and Theorem.

Lemma 2.4. Let a € D, then A(a) defines a bounded linear map of c into c, if and only if the following
three conditions hold:

(1) 1<Sl“‘<b Z‘fw( a)l =M < oo;

(2) llm flj( ) exists forj=0,1,2,.... ;

(3) lim Zf,]( a) exists.

’L‘)OO

Once A(a) satisfies the above three conditions, for any column vector s = [s1, S2, 83, ...| € ¢, the
bounded linear map, A(a), of c into c is defined by

A(a)(s)i = fio(a) llm n s+ Zf” a)sj,fori=1,2,...,
7=1

where A(a)(s) = [A(@)(s)1, A(a)(s5)2, A(@)(s)3, -..].

Let B, denote the space of all linear bounded maps of ¢ into c¢. From Lemma 2.2, if A(a) € B, , then
it has norm

|Aa)| = M

Theorem 2.5. (Silverman-Toeplitz) Let a € D, then A(a) defines a regular method of summability, if
and only ifthefollowing three conditions hold:

(1) | Jub Z\fu( )| =M < oo;

1<i<o0

(2) llmfw( )—Oforj:0,1,2,...;

(3) lim qu( )=

Z—)OO

Again, it is clear that if A(a) defines a regular method of summability, then A(a) € B..
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3. POWER MATRICES

In this section, we consider special matrices of functions, in which every function f;; (z) is a mono-
mial of z. Let A = { a;j hi=1,2,...,j=0,1,2,..., be adouble sequence of complex constants.

The column power matrix induced by A is defined as
P{(2) = {ai;2'},i=1,2,...,5=0,1,2,..., that s,

ajpr a1z aloz

CLQOZQ a2122 a2222

PY(2) =
5 (2) 43028 a312°  aze

The row power matrix induced by A is defined as
Pi(2) = {aij2’},i=1,2,...,5 =0,1,2,..., that s,

2
alp a1z a2z
2
G20 G212 G222

R —
PA(Z)_ azo asi1z CL3222

The double power matrix induced from A is defined as
Pa(2) = {a;;z},i=1,2,...,j =0,1,2,..., that is,

aipr a1122 CL1223
2 3 4
ag0z” @212 G222

Pa(z) =
A() a30z3 a3124 a32z5

We will immediately generalize these definitions in the following section.

4. GENERAL POWER MATRICES

We will define power matrices of the first type now.
Definition 4.1. Let A = {a;;},7 = 0,1,2,...,j = 0,1,2,..., be a double sequence of complex
o0 .
constants. Let g(z) = ) g;2" be a complex power series. Denote its radius of convergence as R,. The

1=0
column power matrix induced by A and associated with ¢(z) is defined as
P§,(2) = {aijgiz'}, i = 0,1,2,...,5 = 0,1,2,..., that is,

a0090 a0190 0290
pC o a1091z  ailgiz  Ga1291=
A;g(z) = 2 2 2
a20922~ Q21922° (22922
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Definition 4.2. Let A = {a;;}, ¢ = 0,1,2,..., 5 = 0,1,2,..., be a double sequence of complex
o0 .
constants. Let h(z) = > h;2z? be a complex power series. Denote its radius of convergence as Ry,. The
j=0
row power matrix induced by A and associated with h(z) is defined as
PR, (2) = {aizhjz’},i=0,1,2,...,5 =0,1,2,...; that is,

2
apoho aorthi1z agahoz

2
aioho ai1thiz aighoz

PR (2) =
Ah asoho agihi1z  asshoz?

We will generalize the double power matrix P4(z) now.

Definition 4.3. Let A = {a;;}, 7 = 0,1,2,...,j = 0,1,2,..., be a double sequence of complex

constants. Let g(2) = i gi2' be a complex power series. Denote its radius of convergence respectively

as rg. The power doublz:soequence of second type induced by A and associated with g(z) is defined as
Pyg(z) = {aijgiﬂz’ﬂ}, 1=0,1,2,...,5=0,1,2,...:

2

a0090 ap191z  ap292%
2

a10912 Qai1192% a129323

; 2 3 4
g a2092z~ A2193z~ G2204%

Definition 4.4. Let A = {a;;}, 7 = 0,1,2,...,j = 0,1,2,..., be a double sequence of complex
o0 [o.¢]

constants. Let g(z) = > g;z* and h(z) = Y h;27 be two complex power series. Denote their radius
i=0 5=0

of convergence respectively as ry and 7. The power double sequence of third type induced by A and

associated with ¢g(z) and h(z) is defined as

Pagn(z) ={aijgih;z"7},i=0,1,2,...,5=10,1,2,...:

2

apogoho  ap1goh1z  aop2gohaz
2 3

aipgihoz aiigihi1z® aizgihoz

Pygn(z) =
bl bl 2 4
g asng2hoz?  asngeh12®  asgahaz

Remark 4.5. More general definition would consider [g;] and [/;] to be two arbitrary number sequences.

5. SUMMABILITY RESULTS

For power double sequences of first type we have:

Proposition 5.1. Let the double sequence of complex constants {a;;},i=0,1,2,...,7 =0,1,2,..., be

o .

a regular method of summability and g(z) = > g;z" be a complex power series. Then the following two
=0

conditions are equivalent for any complex number z:

(i) lim g;z" = 1.
1—00

(ii) The power double sequence of first type { (ng(z)) } is a regular method of summability.
bl ZJ



6 J. LI, R. MENDRIS

Proof. (i) implies (ii) is a straightforward verification of the three conditions of Silverman-Toeplitz The-
orem (Theorem 2.3). (ii) implies (i). The condition (3) of Silverman-Toeplitz Theorem for Pg , and for
A gives (i). O

Proposition 5.2. Let the double sequence of complex constants {a;;},7=0,1,2,...,7 =0,1,2,..., be
o .
a regular method of summability and h(z) = ) h;z’ be a complex power series. Then the following two
j=0
conditions are equivalent for any complex number z, which the sequence [h;z"] is convergent for:
(i) lim hjz! = 1.
j—oo

(ii) The power double sequence of first type { (Pf,h(z)) } is a regular method of summability.
k) Zj

Proof. (i) implies (ii) is a straightforward verification of the three conditions of Silverman-Toeplitz The-
orem. (ii) implies (i). The condition (3) of Silverman-Toeplitz Theorem for Pf‘; 5, and for A along with
the convergence of the sequence [h;2’] gives (i) (see more details in the proof of (ii) implies (i) in the
Theorem 5.3 below). O

For power double sequences of second type we have:

Theorem 5.3. Let double sequence of complex constants {a;;}, i = 0,1,2,...,j = 0,1,2,..., be a
0 .
regular method of summability and g(z) = Y g;z" be a complex power series. Then the following two
1=0
conditions are equivalent for any complex number z, which the sequence [g;z'] is convergent for:
(i) lim g;z* = 1.
1—00

(ii) The power double sequence of second type {(PA,g( )); } is a regular method of summability.

Proof. Let’s show first that (ii) implies (i). From (ii) and condition (3) of Silverman-Toeplitz theorem,
we have

lim Zawglﬂ “+J = 1. Set k = i + j. This changes into lim Zaz b—igrz" = 1. Set b, = a; j—; for

1—00 Z‘)OOk =3
1 < k and zero otherwise. Observe {b;;; } is also a regular method of summability. Then by Silverman-

o0
Toeplitz theorem the limits of convergent sequences are preserved: lim gr?® = lim 3 bi i grz*. But
—00 i—00L

the right hand side is equal to lim Zal k—i gkz = 1 and (i) immediately follows.

2—>OOk, 3

Now we show that (i) implies (ii). We will use Silverman-Toeplitz theorem again and we need to
prove its three conditions:

oo . .
1. sup Z | (Pasg(2));; | = sup > |ai;jgi+j217| by the definition of Py.,.
0<i<o0j=0 0<i<o0j=0
Set k = i + j. Then the above supremum is
o0 o0
sup ) [aik—igez"| < sup Y lajp—il - sup [gr2*| < oo

0<i<ook=i 0<i<ook=i 0<k<o0

since the first supremum is finite by condition (1) of {a;;} being a regular method of summability and
the second one by the existence of the limit in (i).

2. lim (Paq(z )) = ilin;oaijgiﬂz”j for j =0,1,2,... by the definition.

1—00
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Set k = i + j. Then the absolute value of the above limit is | lim aj_; jgkzk < lim |ap—_;; | -
k—oo ’ k—oo ’

klim ‘ gkzk| = 0 since the first limit is zero by condition (2) of {a;;} being a regular method of summa-
—00

bility and the second limit is 1 by (i).

7,4)00

0 . .
3. lim Z (Pag(2));; = lim 3~ aijgiy;2"" by the definition.
1%00‘7:0
Setk =1 —|— j Starting with (i) following the fist part of this proof ((ii) implies (i)) backwards we have
00 00 00 o
1= lim ggz" = lim Y bi,kgkzk = lim Zai7k,igkzk = lim ) a;j9i4;2" .

And this finishes the proof that {(PA;Q (2)); j} is a regular method of summability by Silverman-

Toeplitz theorem. U

Remark 5.4. The condition (i) in Theorem 5.3 implies |z| = r,4, where 7 is the radius of convergence.
The requirement in the Theorem 5.3 that the sequence [g;2*] must be convergent seems to be too restric-
tive but the condition (ii) does not guarantee its convergence. There are examples of non-convergent
sequences [g;2!] (for both bounded and unbounded case) and regular methods of summability that map
these sequences to convergent ones. Then by choosing z = 1 one has a counterexample for each case.

Corollary 5.5. 1. From the proof of the Theorem 5.3 it is clear that for |z| < r4, conditions 1. and 2. hold
but the limit in condition 3. is zero and we don’t get a regular method of summability in that case.

For power double sequences of third type we have:

Theorem 5.6. Let double sequence of complex constants {a;;}, i = 0,1,2,...,j = 0,1,2,..., be a
0 X S5 .
regular method of summability, and g(z) = Zgizz and h(z) = > hjz? be two complex power series. If
7=0

lim g;z" and lim h;jz7 exist then thefollowmg two conditions are equivalent for any such complex number
i—00 Jj—o0
o

(i) limg;2" - limhjz7 = 1.
1—00 j—00
(ii) The power double sequence of second type {(PA;g,h(Z))ij} is a regular method of summability.

Proof. The main structure of this proof is similar to the one of the Theorem 5.3 Let’s show first that (ii)
implies (l) From (ii) and condition (3) of Silverman-Toeplitz theorem, we have

1= lim Zaw gih;z"7. This equals to hm gz - lim Zawh i2d = hm gZ - lim h;27, where we also
z—>oo z—>oo j—00

used that {alj} as a linear operator preserves limits by Sllverman-Toephtz theorem.

Now we show that (i) implies (ii). We will use again Silverman-Toeplitz theorem and need to prove
its three conditions:

1osup 3 |(Paga(z 2));;

) . .
= sup > |aijgihjzl+‘7‘ by the definition of Py.g 1.
0<i<o0j=0

0<i<c0j=0

The above supremum equals to

sup ‘glz‘ ‘awh z3‘< sup Z\aw| sup ‘gizi‘- sup ‘hjzj‘<oo
0<i< j <i<oo 0<j<00

since the first supremum is finite by condition (1) of {a;;} being a regular method of summability and
the other two are finite by the existence of the limit in ().
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2. lim (Pa,gn(2 )) = igr&aijgihjzi+j for j =0,1,2,... by the definition.

1—00

< sup lai | - hm gl = 0 for

0<i<oo

The absolute value of the above limit is |/ 20 . lim a;; gi 7'
71— 00

7=0,1,2,...
since the first limit is zero by condition (2) of {a;;} being a regular method of summability and the
second limit is finite by (i).

3. lim Z (Pasg,n(2));; = 11m Zawglh 2177 by the definition.

1—+00 ;
J=

Starting with (i) following the proof of necessary condition backwards we have:

1—00

1= lim g;2" - lim h; 2 = hm gl hm Zam 2 = hm Zawgzh Pl
j o0

And this finishes the proof that {(PA;g,h(Z))ij} is a regular method of summability by Silverman-

Toeplitz theorem. g

Remark 5.7. (i) implies |z| = ry = ry, where 4 and 7, are the radii of convergence of the respective
series. The requirement in the Theorem 5.6 that both sequences {g;2'} and {h;2'} must be convergent
seems to be too restrictive but the condition (ii) does not guarantee their convergence. There are ex-
amples of non-convergent sequences {g;2"} and {h;2'} and regular methods of summability that map
these sequences to convergent ones. Then again by choosing z = 1 one has a counterexample for each
case.

Corollary 5.8. 2. From the proof it is clear that for |z| < r4 and |z| < rp, conditions 1. and 2. hold but
the limit in 3. is zero and we don’t get a regular method of summability in that case.

6. RADIUS OF SUMMABILITY AND ITS APPLICATIONS

Assume A € B. now, but not necessarily a regular method of summability. It is clear that Pf; »(0) €
B. and Pf;h(l) € B.. Also A = Pg;g(l) € B.. On the other hand, for a given z we can ask: Does
Pg; s(2) € Bcor Pf;h(z) € B hold? And because the conditions (1) and (2) clearly hold this is
equivalent to: Does

lim E awgl or lim g awh 2) exist?
Z—>OO Z—>OO

The next propositions prov1de an answer for these two kmds of power matrices. For power double
sequences of first type we have:

Proposition 6.1. Let A={a;; },i=12 ... ,j=0,1 2, ... , be a double sequence of complex scalars
satisfying A € Be. IfPE;g(a) € B, for some a # 0, then ng(z) € B, for all z satisfying |z| < |al.

Proof. 1t is a straightforward verification of Silverman-Toeplitz Theorem conditions. g

Proposition 6.2. Let A = { a;j bi=1,2...,j=01,2, ... , be a double sequence of complex scalars
satisfying A € B.. If P¥, (a) € Be, for some a # 0, then P, (2) € B, for all  satisfying |2| < |a|.

Proof. From the above argument, we have P{(0) € B.. We only need to prove Pf(z) € B, for all
|z| < |a| and 2 # 0. From the hypothesis P¥(a) € B., we have
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o0 .
(1) sup ) la;ja’| =M < oo;
1<i<o0j=0

(2) lim a”aj exists for j =1, 2, .
1—00
[ee]

(3) lim > a;ja’ exists.
Z*)OO‘7 0

We have to show

o0 .
(1) sup - fai;z!| < oo;
1<i<00j=0

(2) lim a”zj existsforj=1,2,... ;
i—00

(3) lim Za”z] exists.
’L‘)OO] 0

In fact, from condition (1) for P}f(a) , we obtain

sup Z|awz | = sup Z|awa | ‘ ) sup Z!a,]a | =M < oo.

1<z<oo] —0 << oo] 0 1<z<ooj -0

| /\

So PIi(z) satisfies its condition (a). Similarly, from the condition (2) of P¥(a) , we have

lim a”zy = lim a”aj (2) =0,forj =1,2,....
a

i—00 i—00

So PIi(z) satisfies its condition (b). Next we show that P (2) satisfies its condition (c) from Lemma
2.2

For any given € > 0, there exists N, such that |§\N -1 < 117 - From conditions (1) and (2) above, there
exists K > 0 such that for all m, n > K, the following inequality holds

j €
lamjal — anja’| < — oN
Now for all m,n > K, we have
(o] [o.¢]
> amz =D anje’| =
J=0 J=0
N—-1 N—-1 [e'e) [e%S)
< Zamjzj - Zanjzj + Zamjzj — Zanjzj
=0 =0 =N =N
N-1 .
2|
= |amja’ +
a
Jj=0
] N+1
N—-1 _ o0 [e'e)
< Z |am;a’ — anja’| + ‘f‘ Z\amja]] + Z\anja]]
j=0 j=N j=N
Ne €
< c—+—(M+M
2N 4M( )



10 J. LI, R. MENDRIS

This proposition is proved. U

Proposition 6.2 indicates that, the row power matrix Pf(z) has a similar property to power series:
If there exists a number a # 0, such that Pf(a) € B, then there exists a positive number 74 such that,
PR(2) € B, for all |2| < 14, and P{(2) ¢ Be, for all |2| > r4. 74 is called the radius of summability
of the matrix A. The radius of summability of the matrix A is 0, if there does not exist a number a # 0,
such that P(a) € B,; The radius of summability of the matrix A is oo, if P{(a) € B, for all numbers
a.

We will show below that this radius of summability exists also for double sequences of second and
third type.

The following corollary follows immediately from Proposition 6.2 and the above notations.

Corollary 6.3. 3. Let A = { ajj bi=1,2...,j=0,1,2 ..., beadouble sequence of complex scalars. If
A€ B.thenry > 1.

For any given row power matrix Pf‘(z) , the entries of any fixed row, i, can be treated as the terms

of a power series
[e.e]

E aijzj

§=0

Its radius of convergence is denoted by %, , for i=1,2, ... .

Proposition 6.4. 74 < inf 1.

1<i<o0
o0 . o0 .
Proof. For any given |z| < r4 , P{(2) € B., we have lim > a;;27 exists. The series Y a;;27 is con-
1—00 ; — -
=0 J=0
vergent, for ¢ = 1,2,.... It implies that |z| S 7% , for i = 1, 2, ... . It completes the proof of this
proposition. O

For power double sequences of second type we have:

Proposition 6.5. Let {a;;},i=0,1,2,...,5 =0,1,2,..., be a double sequence of complex scalars and
g a complex power series.
If Pa,y(a) € B, for some a # 0, then Pa.q(2) € Be, for all z satisfying |z| < |al.

Proof. Tt is clear that P4.4(0) € B, and we only need to prove Py.4(z) € B, forall 0 < |z| < |a.
From the hypothesis Py.4(a) € B, we have
oo . .
(@ sup > lajgirja' ] =M < oo
0<i<ooj=0
(b) lim a;jgiy;a't existsforj=1,2,...;
1—00
S . .
(¢) lim > a;jgi+ ;0" exists.
24)00_]:0

We have to show that the above three conditions are also true for P4.4(2):

w . .
(@) sup Y laigiv;z | < oo;
0<i<00j=0

(b) lim az-jgz-ﬂz”j exists for j = 0,1,2, ... ;
71— 00
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c hm @i Givi 217 exists.
(c) i+
Z—)OO] 0

In fact, from the condition (a) for Pa.4(a) , we obtain

) it ]
sup Z|awgl+3 = sup Z’amg%ﬂa ”‘a‘

< <
0 1<oo] 0 Z<oo]

< sup Z]awgﬁ_]a =M < oo
0<z<oo] 0

So Pa.4(2) satisfies its condition (a). Similarly, from the condition (b) of Pa.4(a) , we have
'lim aijgiﬂ-z”j = 'lim aijgiﬂaz‘” (*) =0, fOI‘j = O, 1, 2, cee
1—00 1—>00 a

So Pa.4(2) satisfies its condition (b). Next we show that Py.,(z) satisfies its condition (c).

For any given € > 0, there exists N, such that |§|N 1< 137 From conditions (a) and (b) above, where
we set k = i + j, there exists K > 0 such that |£|X < 5+ and for all m, n > K, the following
inequalities hold (without loss of generality m < n)

o0 o0
> lam—jjgma™ < M, |an_jjgna”| < M,
=0 =0

’am_jngma _an jngna' ’< 4N

Now for all m, n > K, we have

00 00
m n

E Um—j,j9m~<  — g Ap—j,59n<2 §

Jj=0 Jj=0

N—1 N-1 0 %
< D amigme™ =Y an i D amjigme™ = > A ignz"
i=0 =0 J=N =N
- N-1 m Z|m n z|n
= ‘am—j,jgma —| — Gn—j;jgna +
=0
00 n—N-+1
> lam—jjgma™| |~ t Z’an 3:39n ‘ a
j=N
N-—1 m z|n—m zZ|m
= Z(’am—j,jgmam—an—j,jgnaﬂ" " langsgnal- (0= |27 [ >+
=0
S IN-1 [ & >
‘5‘ D lam—jigma™ + Y lan—jjgna"|
j=N j=N
Ne
L NM M+ M
< av T 4MN 4M( + M)
= E£.

This proposition is proved. U
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For power double sequences of third type we have:

Proposition 6.6. Let {a;;},i=0,1,2,...,7 =0,1,2,..., be a double sequence of complex scalars and
g, h complex power series. If Py.q ,(a) € Be, for some a # 0, then Pa.g (%) € B, for all z satisfying
2| <al.

Proof. This proof is very similar to the one of the Proposition 6.5 above and will be omitted. g

Remark 6.7. Propositions 6.5 and 6.6 might seem to generalize the Proposition 6.1 or Proposition 6.2
but they don’t. We cannot write P¥(2) nor P{(z) in the form of P44 or Py., 1. But we can do so for
P4(2) by choosing g; = 1 or g; = h; = 1 respectively.

Obviously P4.4(0) € Be, A= Pa,y(1) € Be, Pagn(0) € Be, and A = Py (1) € B.. Then for
these power matrices 74 > 1.

7. APPLICATIONS TO ANALYTIC FUNCTIONS AND EXAMPLES

oo
Proposition 7.1. Let f(z) be an analytic function with power series expansion Y pyz"* about point 0

k=0
with the radius of convergence r > 1. Then, for any s = [sx] = [s1, S2, S3, ...] € c and forany|z| <,
n
the sequence [Zpkskﬂzk], n=1,2...,isalso convergent.
k=0

Proof. Define A={a;; },i=1,2,3,...,j=0,1,2,... , as follows:

o pd <
" { 0,j>i
Then A and A(z) have the following properties:

o0
(@) A€ B.,with M = > py;

. k=0
(b) r'y =00, fori=1,2,...;
© ra=r;
(d) A(z) € B..

And the proposition follows from the property (d). g

For the following examples, one can check the conditions listed.

Example 7.2. Let A={i+j},i=1,2,...,j=0,1,2,... :

(a) A%Bci
(b) ry =1 fori=1,2,...;
(c) ra=1.
Example 7.3. Let A= { = },i=1,2,...,j=0,1,2,...:
(a) AéBC;
(b) ry =1 fori=1,2,...;
(c) ra=1.
Example 7.4. Let A={ (i +j)! },i=1,2,... ,j=0,1,2,...:
(@) A¢ B
(b) 7y =0,fori=1,2,...;
(c) ra=0.

Example 7.5. LetA:{ﬁ bi=1,2,...,j=0,1,2,...
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(a) A € B,, with M = 71,
j=0
(b) Tf4:oo,fori=1,2,...;
(c) ra = 0.
Example 7.6. Foragivenb > 0,let A= { b/ },i=1,2,...,j=0,1,2,... :
(a) AEBC,ifb;1,withM:%_b,andA¢Bc,ifb21;
(b) ri‘:b_l,fori=1,2,...;
() ra=0b"1.

o0 7
Example 7.7. Let [pi] be a sequence of positive numbers satisfying > pi < oo, and let P, = ) py.

k=1 k=1
Define A = a;;, i = 1,2,..., 7 = 0,1,2,..., as follows

i<,
a;j = 07>
(a) A € B.,with M = pil;
(b) 'rf4 =oo,fori=1,2,...;
©ra=1L
(d) Aisnot a regular method of summability.
o0 7
Example 7.8. Let [py] be a sequence of positive numbers satisfying > pp = oo, and let P; = > py.
k=1 k=1
Define A = a;;, as in Example 7.7 Then:

() A € B, with M = L ;
(b) ri‘:oo,fori=l,2,...;_
¢) g =sup{b>0: lim & exists} < oo;
(c) p{ . P,
) 1—00 "t

(d) Aisaregular method of summability.

8. CONCLUSION

In this paper, we introduced the concept of parametric summability for parameterized double se-
quences. We proved some results of parametric summability and radius of summability of some pa-
rameterized double sequences. We also gave some applications of parametric summability of param-
eterized to standard summability theory and analytic functions. Several examples were provided to
demonstrate the main results of this paper.

We have some ideas to extend the parametric summability for the further study.

1. In section 4 of this paper, we studied the radius of summability of some parameterized double
sequences. By the same ideas, we may consider the “convergent speed” of a given parameterized double
sequence.

2. Let (X, ||-]]) and (Y, || ||) be a real Banach spaces. Suppose that both X and Y have Schauder bases
{en} and {d,,}, respectively. Let T : X — Y be a linear and continuous (bounded) mapping. Then,
there is a real infinite matrix A = (a;;), with ¢,j7 = 0,1,2,.... a double sequence of real constants,
such that, for any x = ZZ‘;O Qap€n, We have

Tex=3% " aTey
=2 o an(ZEio an,jd;)
=2 520(Xnt0 @nan,j)d;-



14 J. LI, R. MENDRIS

Then, by the fact that the linear and continuous (bounded) mapping 7' : X — Y is induced by the real
infinite matrix A = (a; ;), we may study the parameterized linear and continuous (bounded) mappings
from X and Y:

(i) T¢ : X — Y that is induced by the column power matrix (a; ;%)

(i) 7% : X — Y that is induced by the row power matrix (a; j27)

3. What is the connection between the norms of T¢, T2 and the norm of 7°?

4. What is the radius ¢ of the linear and continuous mapping 7¢ : X — Y? More precisely, we
want to find 7¢ such that, if |z| < r©, then for any x = >0 ) Gn€n, We have Tz € Y such that

TCx = Yoo an,TCe,,
=2 o an(Z?io an,j2"d;)
= 2;0:0(220:0 Anlp, ;2" )d;.

5. What is the radius 7% of the linear and continuous mapping 7¢ : X — Y? More precisely, we
want to find ¥ such that, if |z| < r¥, then for any z = >0 ) Gnén, We have TEx € Y such that

TEy = > panT ey,
= Yo an(X520 an,j2' d))
= Z;-’io(ZZio anan,j2")d;.

6. What is the connection between the radius ¢ and the radius r%?

7. Let (H, || - ||) and (K, || - ||) be real Hilbert spaces. Suppose that both H and K have orthonormal
bases. One may consider here the same questions as above from number 2 to number 6 about linear
and continuous (bounded) mappings from H to K.
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