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ABSTRACT. In this paper, we introduce a new algorithm for approximating a common solution of Split
Equality Generalised Mixed Equilibrium Problem (SEGMEP) and Split Equality Fixed Point Problem (SEFPP)
for two infinite families of closed uniformly L;-Lipschitz continuous and K;-Lipschitz continuous and
uniformly quasi-¢-asymptotically nonexpansive mappings (¢ € N and ¢ is the Lyapunov functional de-
fined in (2.1)) in Banach spaces. Under standard and mild assumption of monotonicity and lower semicon-
tinuity of the SEGMEP associated mappings, we establish the strong convergence of the scheme without
imposing any compactness-type conditions on either the operators or the spaces considered. We apply
our result to approximate the solution of Split Equality Convex Minimization Problem (SECMP) and Split
Equality Variational Inclusion Problem (SEVIP). A numerical example is presented to illustrate the per-
formance and implementability of our method. Our results extend, generalize and complement several
related works in the literature.
Keywords. Subgradient extragradient method, variational inequality problems, fixed point problems,
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1. INTRODUCTION

Let C be a closed convex subset of a real Banach space E with the dual space £*,and T : E — E be a
mapping. A point x € FE is called a fixed point of T" if T'x = x. We shall denote the set of fixed points
of T'by F(T).Let f : E x E — R be anonlinear bifunction, P : E — E* be a nonlinear mapping, and
¢ : E — RU {400} be a proper lower semicontinuous and convex function. The Generalised Mixed
Equilibrium Problem (GMEP) (see [27, 33, 38]) is to find a point & € C such that

f(&y) + (P2,y — &) + (y) — (&) 2 0, forally € C. (1.1)

The set of solutions of (1.1) is denoted by GM EP(f, P, ). If P = 0, then the GMEP (1.1) reduces to
the following Mixed Equilibrium Problem (MEP) (see [7, 24, 45]): Find & € C such that

f(@,y)+e(y) —p(x) >0, forally € C. (1.2)

If ¢ = 0, then the GMEP (1.1) reduces to the following Generalised Equilibrium Problem (GEP): Find
Z € C such that

f(@,y)+ (Pz,y—x) >0, forally € C. (1.3)
In particular, if P = ¢ = 0, then the GMEP (1.1) reduces to the classical Equilibrium Problem (EP)
introduced by Blum and Oettli [12], which is defined as finding & € C' such that

f(z,y) >0, forally € C. (1.4)
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EPs are known to have wide area of applications in a large variety of problems arising in the fields of lin-
ear and nonlinear programming, variational inequalities, complementary problems, optimisation prob-
lems, fixed-point problems and have been widely applied to physics, structural analysis, management
sciences and economics, etc. (see, for example [12, 39]). Several algorithms have been developed for
solving EP and related optimization problems in Hilbert and Banach spaces, see [8, 22, 34, 37, 40, 42, 43],
and the references therein.

In order to model inverse problems in phase retrievals and medical image reconstruction [14], Censor
and Elfving [15] introduced the following Split Feasibility Problem (shortly, SFP) in 1994:

Find # such that & € C' and A(Z) € Q, (1.5)

where C' and () are nonempty closed convex subsets of Hilbert spaces H; and Hs, respectively, and
A : H; — Hj is a bounded linear operator.

It has been found that many problems arising in image restoration, computer tomograph and radi-
ation therapy treatment planning can be formulated as the SFP [16, 23]. Several methods have been
proposed to solve the SFP and related optimization problems, see for instance, [5, 2, 1, 3, 14, 17].
Moudafi [31] further work on SFP and introduced the following Split Equality Problem (SEP): Let C, Q)
be two nonempty closed convex subsets of real Hilbert spaces H; and Hs, respectively, Hs be a real
Hilbert space, A : H; — Hsand B : Hy — H3 be two bounded linear operators. The SEP is formulated
as:

Find £ € C and § € @ such that A(2) = B(y). (1.6)

It is observed that the SEP reduces to the SFP when Hy = H3 and B is taken to be the identity mapping
I on Hs. If C and @ in (1.6) are the sets of nonempty fixed points of the mappings 7" and S on H; and
Hj, respectively, then the resulting SEP is called the Split Equality Fixed Point Problem (shortly, SEFPP
[32]). The solution set of SEFPP on 7" and S is denoted as follows:

SEFPP(T,S)={(2,§) € Cx Q:4 € F(T), § € F(S), A(&) = B(9)}. (1.7)

Chidume et al.[18] proposed an iterative algorithm to approximate solution of the SEFPP for quasi-
¢-nonexpansive maps. The authors established strong convergence of the sequence generated by the
algorithm in the framework of Banach spaces.

In this work, based on the idea of the SEP, we consider the following so-called Split Equality Gener-
alised Mixed Equilibrium Problem (SEGMEP) in the framework of Banach spaces:

Definition 1.1. Let H;, Hy and Hs be three Hilbert spaces and C, () be nonempty closed convex
subsets of Hy, Hs, respectively. Let f; : C x C — R, fo: Q x @ — R be two bifunctions, P; : C' —
C, P»: Q — @, be nonlinear mappings, and ¢1 : C' — R U {+0o0}, p2 : Q@ - RU {400} be proper
lower semicontinuous and convex functions. Let A : H; — Hg, B : Hy — H3 be two bounded linear
operators. The SEGMEP [36] is to find a point & € C' and §j € @ such that

fi@,z) + (P, z — &) + p1(x) — p1(2) > 0, forall z € C,
f2(9,y) + (Pai)sy — 9) + @2(y) — p2(9) > 0, forally € Q, (1.8)
A(z) = B()-

The solution set of the SEGMEP is denoted by SEGM E P(f1, f2, P1, P2, ¢1, 1), that is,
SEGMEP(f1,f2, P1, P2y 1, ¢1)
(@ 9) €C X Q: fildra)+ (Pya—3) + p1(0) —¢1(3) 20, 2 €C, (19)
F2(0,9) + (P2g,y — 9) + p2(y) —92(9) 20, y€Q, A(2) =B(9)}  (1.10)

This problem is a generalisation of the following problems:
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1. If P = P> = 0in (1.8), then the SEGMEP reduces to the Split Equality Mixed Equilibrium
Problem (SEMEP) introduced by Ma et al. [29]: Find & € C and § € @ such that

fi(Z,x) + p1(z) — p1(2) >0, forallz € C,
f2(9,y) + ¢2(y) — 2(9) = 0, forally € Q, (1.11)
A(3) = B(j).

2. If o1 = 2 = 0, then problem (1.8) is reduced to the Split Equality Generalised Equilibrium
Problem (SEGEP) (e.g. see [30]): Find 2 € C and g € @ such that

fi(@,x) + (P&, x — ) >0, forall z € C,
f2(9,y) +(P2g,y —§) = 0, forally € Q, (1.12)
A(z) = B(9)

3. P =P,=0,01 =2 =0,B =1and Hy = Hs, then the SEGMEP is reduced to the Split
Equilibrium Problem (SE4P) introduced by He [25]: Find & € C such that

{fl(:ﬁ,x) >0, forallz € C, and (1.13)

A(z)=9€ @ solves fo(g,y) >0, forally € Q.
4. If P, = P» = 0 and 91 = 3 = 0 in (1.8), then the SEGMEP reduces to the Split Equality
Equilibrium Problem (SEEP): Find & € C' and § € @) such that
fi(z,z) >0, forallx € C,
fQ(ﬁvy) > 07 for all Yy e Q7 (114)
A(z) = B()-
5.If fi = fo = 0and P, = P = 0, then problem (1.8) is reduced to the Split Equality Convex
Minimisation Problem (SECMP) (e.g. see [36]): Find & € C' and § € @ such that

o1(x) > ¢1(2), forallz € C,
2(y) > ¢2(y), forally € Q (1.15)
) = B(9).

6. If fi =fo=0,PL =P, =0,B =1 and Hy = H3, then Problem (1.8) is reduced to the Split
Convex Minimisation Problem (SCMP) (e.g. see [36]): Find & € C such that

Ibﬁ

v1(x) > ¢1(2), forallz € C,
©2(y) = p2(9), forally € Q, (1.16)
A(z) =9y € Q.
7.If fi = fo=0,P = P» = 0and 91 = 3 = 0in (1.8), then the SEGMEP reduces to the Split
Equality Problem (SEP): Find € C and g € @ such that
A(z) = B(y). (1.17)
. Iffi=fo=0,PL=Po,=0,01 =2 =0,B=1,and Hy = Hj in (1.8), then the SEGMEP is
reduced to the SFP [15].

Ma et al. [29] introduced an algorithm for approximating a common solution of SEMEP and SEFPP for
nonexpansive mappings in the framework of Hilbert spaces and obtained a weak convergence result.
Moreover, in order to obtain a strong convergence result the authors further assumed that the two
nonexpansive mappings are semi-compact.
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Recently Karahan [26] proposed an iterative scheme for finding a common solution of SEGMEP
and SEFPP for nonexpansive mappings in Hilbert space setting. The author obtained a weak conver-
gence result for the proposed iterative scheme and in order to obtain a strong convergence result,
semi-compactness conditions were imposed on the nonexpansive mappings.

Ma et al. [30] extended the work in [29] to Banach spaces. Precisely, the authors introduced an it-
erative scheme for finding a common element of the SEEP and SEFPP for nonexpansive mappings and
obtained a weak convergence result. To obtain strong convergence result, the authors further imposed
semi-compactness conditions on the two nonexpansive mappings.

Based on the above results the following questions arise naturally:

Questions: 1. Can one obtain a strong convergence theorem for finding a common solution of SEEP
and SEFPP without imposing any compactness-type conditions on the operators involved?
2. Can such result be established beyond Hilbert spaces, such as in Banach spaces?

In this work, we provide affirmative answer to the above questions. Inspired by the work of Chidume
et al. [18], Ma et al. [29], and Ma et al. [30] and the current research interest in this direction, we
propose an iterative scheme in the framework of Banach spaces to approximate a common solution
of SEGMEP and SEFPP for two infinite families of closed uniformly L;-Lipschitz continuous and K;-
Lipschitz continuous and uniformly quasi-¢- asymptotically nonexpansive mappings. Moreover, we
prove strong convergence theorem for the problem considered without imposing any compactness-type
conditions on the operators involved. We obtain some consequent results and also apply our theorem
to solve split equality convex minimization problem, and split equality variational inclusion problem.
Finally, we present a numerical example to demonstrate the implementability of our algorithm. Our
results extend, generalize and complement the result of Chidume et al. [18], Ma et al. [29], Karahan
[26], Ma et al. [30] and several other related works in the literature.

2. PRELIMINARIES

In this paper, we denote the strong convergence and weak convergence of a sequence {z,,} to a point
z in a Banach space F by z,, — z and z,, — z, respectively.

Let E be a real Banach space with the dual space E*. Denote by (-, ) the duality pairing between F
and E*. The normalized duality map J : E — 2F" is defined by

Jr = {z* € E*: (z,2%) = ||z|* = ||2*||*} forall z € E.

Note that, by the Hahn-Banach theorem, J(x) is nonempty and if E = H is a Hilbert space, then J is
the identity map on E. For details on geometric properties on Banach spaces.
The following properties of Banach spaces and the normalized duality map can be found in Cioranescu
[21].
(1) If F is a smooth, strictly convex and reflexive Banach space, then the normalized duality map
is single-valued, one-to-one and onto, and J —1. F* — F is the inverse of .J.
(2) If F is reflexive and strictly convex, then .J ~1 is norm-weak*-continuous.
(3) If F is a uniformly smooth Banach space, then J is uniformly continuous on each bounded
subset of F.
(4) A Banach space FE is uniformly smooth if and only if E* is uniformly convex.
(5) Each uniformly convex Banach space E has the Kadec-Klee property, that is for any sequence
{up}in E, if u,, = wand ||u,|| — ||u||, then u, — u.

Define the Lyapunov functional ¢ : £ x E — R by
o(x,y) = ||z|* = 2(z, Jy) + [ly|*V 2.y € B. (2.1)
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Clearly ¢(x,z) = 0 for every x € E and if F is strictly convex, then ¢(z,y) =0 <=z =y.If Eisa
Hilbert space, it is easy to see that ¢(z, y) = ||x — y||? for all 2,y € E. Moreover, for every z,y,2 € E
and « € (0, 1), the Lyapunov functional ¢ satisfies the following properties:

(P1) 0 < (|lz|] = |ly|D)? < ¢(z,y) < (|=]] + [|yl])?;

(P2) ¢(z, J Hadz+ (1 — a)Jy)) < ad(z, 2) + (1 — a)d(z,y);
(P3) d(z,y) = o(x,2) + ¢(z,y) +2(z — 2, Jy — J2);

(P4) ¢(x,y) < 2(y —z,Jy — Jx).

Also, we define the functional V' : E x E* — [0, +00) by
V(z,z*) = ||z||* — 2(z,z*) + ||z*||*> Vz€E, z* € E*. (2.2)
It can be deduced from (2.2) that V' is non-negative and
V(z,z*) = d(z, JH(z")). (2.3)

Let C be a nonempty, closed and convex subset of a smooth, strictly convex and reflexive Banach space
E. Then, for each © € E, there exists a unique element xy € C' (denoted by II(x)) such that [10]

The mapping II¢o : E — C, defined by Il () = xo, is called the generalized projection from E onto C.
Furthermore, x is called the generalized projection of x. If E is a real Hilbert space, then Il coincides
with the metric projection operator P, see [6, 9].

Let C' be a nonempty closed and convex subset of a Banach space E' and T" a map from C' into itself. A
point p in C'is said to be an asymptotic fixed point of T'if C' contains a sequence {z,, } which converges
weakly to p such that

lim ||z, — Tay,|| = 0.
n—oo

The set of asymptotic fixed points of 7" will be denoted by F/(T).

Definition 2.1. Amap 7" : C' — C'is said to be

(1) closed if for any sequence {z,,} C C with x,, — x and T'xz,, — y, then Tx = y;

(2) semi-compact if for any bounded sequence {z,} in C with x,, — T'z,, — 0, there exists a
subsequence {z,, } of {x,} such that {x,,, } converges strongly to some z € C,

(3) relatively nonexpansive [13] if F(T) = F(T) # () and

o(p,Tx) < ¢p(p,z) VwxeC, peF(T)

(4) strongly relatively nonexpansive (see [28]) if the following conditions are satisfied:
i. T is relatively nonexpansive;
ii. if {z,,} is a bounded sequence in C' such that

Lim (¢(p, ) = ¢(p, Tn)) = 0

for some p € F(T), then lim,, 00 ¢(Tp, xy) = 0;
(5) relatively asymptotically nonexpansive [4] if F(T) = F(T) # () and there exists a sequence
{kn} C [1,00) with k,, — 1 as n — oo such that

o(p, T"z) < knd(p,x) VaxeC, peF(T), n>1.

(6) ¢p-nonexpansive if
¢(Tx,Ty) < ¢(x,y) Va,yeC;
(7) quasi-¢-nonexpansive [35] if F/(T') # () and

o(p,Tx) < ¢p(p,z) Vwel, peF(T)
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(8) ¢-asymptotically nonexpansive if there exists a sequence {k, } C [1,00) with k,, — lasn — o
such that
o(T"z, T"y) < kno(z,y) Va,y € C;
(9) quasi-¢-asymptotically nonexpansive [19] if F(T) # () and there exists a sequence {k,} C
[1,00) with k,, — 1 as n — oo such that

o(p, T"x) < knd(p,x) YxeC,peF(T), n>1;

Remark 2.2. Observe that the class of quasi-¢-asymptotically nonexpansive maps contains properly the
class of quasi-¢-nonexpansive maps as a subclass and the class of quasi-¢-nonexpansive maps contains
properly the class of relatively nonexpansive maps as a subclass, but the converse may be not true.
In the framework of Hilbert spaces, quasi-¢-(asymptotically) nonexpansive maps is reduced to quasi-
(asymptotically) nonexpansive maps.

Definition 2.3. (Chang et al. [20]). (1) Let {7;}2, : C' — C be a sequence of mappings. A family
{T;}?2, is said to be a family of uniformly quasi-¢-asymptotically nonexpansive mappings, if F :=
N2, F(T,,) # 0, and there exists a sequence {k,,} C [1, c0) with k,, — 1 such that for each i > 1,

o(p, T;'x) < knd(p,x) VpeF, ze€C, Vn>1
(2) A mapping T' : C — (' is said to be uniformly L-Lipschitz continuous, if there exists a constant
L > 0 such that
1Tz = T"y[| < Lljz = yl|, Va,y € C.
Definition 2.4. Let B : E — 2P be a multivalued mapping. The domain of B denoted by D(B) is
givenas D(B) = {x € E : Bx # (}}.

Let B : E — 27" be a multivalued operator on E. Then
(i) the graph G(B) is defined by
G(B) :={(z,u") € ExX E* : u* € B(x)},
(ii) the operator B is said to be monotone if (x — y,u* — v*) > 0 for all (z, u*), (y,v*) € G(B).
(iif) A monotone operator B on F is said to be maximal if its graph is not properly contained in the
graph of any other monotone operator on E.
For a maximal monotone mapping B, the relative resolvent of B of parameter r > 0, denoted
by L7 is defined as
LB .= (J+rB)"'J:E— D(B).
From [28], we recall the following properties of L7 :
(i) L? : E — D(B) is a single-valued mapping;
(ii) 0 € B(z) if and only if L2z = x for each r;
(iii) L2 is strongly relatively nonexpansive.

Now, we present the following results which will be needed in the sequel.

Lemma 2.5. (Alber [11]). Let E be a reflexive strictly convex and smooth Banach space with E* as its
dual. Then,

V(w,2*) +2(J ta* —x,y*) < V(x,2* +y*), (2.4)
forallz € E and z*,y* € E*.

Lemma 2.6. [18] Let E be a2—uniformly convex and smooth real Banach space. Then, J 1 is é —Lipschitzian
from E* into E, ie. forallu,v € E*, we have that

1
1T = T || < ol =l (2.5)
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Lemma 2.7. (Chang et al. [20]) Let I/ be a uniformly convex Banach space, v > 0 be a positive number
and B,.(0) be a closed ball of E.. Then, for any given sequence {x;};°, C B,(0) and for any given sequence
{Ni}22, of positive number with y 2 | \,, = 1, there exists a continuous, strictly increasing, and convex
function g : [0,2r) — [0, 00) with g(0) = O such that, for any positive integer i, j withi < j,

Poies
n=1

Lemma 2.8. [10] Let E be a real smooth and uniformly convex Banach space, and let {x,} be two
sequences of E. If either {x,,} or {y,} is bounded and ¢(zy,yn) — 0 asn — oo, then ||z, — y,|| — 0
asmn — oo.

9 [e's)
<D Ml = iAo — )]). (2.6)
n=1

Lemma 2.9. (See Alber [10]) Let D be a nonempty closed and convex subset of a reflexive strictly convex
and smooth Banach space E. Then,

¢(u,py) + ¢(Ilpy,y) < ¢(u,y), Vu e D, y € E. (2.7)

Lemma 2.10. (Chang et al. [20]) Let E be a real uniformly smooth and strictly convex Banach space, and
C be a nonempty closed convex subset of E/. Let'T' : C' — C be a closed and quasi—@p—asymptotically
nonexpansive mapping with a sequence {k,} C [1,00),k, — 1. Then F(T) is a closed convex subset of
C.

Assumption 2.11. In solving the EP for a bifunction f : C x C — R, we assume that f satisfies the
following conditions:

(A1) f(z,x) =0 forallz € C;

(A2) f is monotone, i.e. f(x,y) + f(y,x) <0 forallz,y € C,

(A3) foreachz,y,z € C,limyo f(tz + (1 —t)z,y) < f(z,y);

(A4) foreachx € C,y — f(x,y) is convex and lower semicontinuous.

It is known (see [46]), that if f(x,y) satisfies (A1)-(A4) then the function
F(z,y) == f(z,y) + (Pz,y — z) + ¢(y) — ¢(x) also satisfies (A1)-(A4) and GM EP(F, P, ¢,C) is
closed and convex.

Lemma 2.12. (Zhang [46]) Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let B : C — E* be a continuous and monotone mapping, ¢ : C' — R is convex and
lower semi-continuous, and let f : C'x C' — R be a bifunction satisfying (A1)-(A4). Forr > O andz € E,
there exists uw € C' such that

Flusy) + (Busy — )+ ¢(y) = p(w) + -y —w Ju—Ja) >0, forally C. (28

Define a resolvent function K{:C = Cas follows:

1
Kl (z) = {u € C: f(u,y) + (Bu,y — u) + o(y) — p(u) + ;(y —u,Ju—Jx)y >0, forally € C’}.
Then the following conclusions hold:
1. Krf is single-valued;
2. Ki is firmly nonexpansive, i.e. forallx,y € E,
(K (2) — K] (), JK (z) = TKL (y)) < (K] (2) = K] (y), Tz = Ty);
3. F(K{) = GMEP(f, B, ¢);
4. GMEP(f, B, ) is closed and convex;
5. ¢(p, K (2)) + $(K{ (2),2) < 6(p,2) ¥ p € F(K]) and z € E.
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Lemma 2.13. (Wei and Zhou, [44]) Let E be a real reflexive, strictly convex and smooth Banach space,
A: E — 2% be a maximal monotone operator with A=10 # (), then foranyx € E,y € A~'0 andr > 0,
we have (y, QAz) + d(QAz, ) < d(y,x), where Q} : E — E is defined by QAx := (J +rA) " Jzx.

3. MAIN RESULTS

In this section, we prove a strong convergence theorem for solving SEGMEP and SEFPP for two infinite
families of closed and uniformly quasi-¢-asymptotically nonexpansive mappings in Banach spaces.

Theorem 3.1. Let F'; and E5 be 2—uniformly convex and uniformly smooth real Banach spaces with dual
spaces T and E'5, respectively, and let I3 be a real Banach space with dual space E5. Let f1 : £y x By —
R, fa : Ea X E9 — R be two nonlinear bifunctions satisfying conditions (A1)-(A4), P, : By — E7, P :
Ey — E3 be continuous and monotone mappings and @1 : By — RU {400}, p2 : B2 — RU {400}
be proper lower semi-continuous and convex functions. Let {1;}°, : By — Eq and {S;}2, : B2 — E»
be two infinite families of closed uniformly L;—Lipschitz continuous and K;—Lipschitz continuous and
uniformly quasi—¢—asymptotically nonexpansive mappings with sequences {l,,} C [1,00) and {k,} C
[1,00) respectively such thatl,, — 1 and k, — 1, and ;2 F(T;) # 0 and N2, F(S;) # 0. Let A :
E\ — E3 and B : Ey — Es3 be bounded linear maps with adjoints A* : E5 — EY and B* : E5 — E3,
respectively. Let {(zn, yn)} be a sequence in Ey x Eo generated as follows:

Algorithm 3.2.

z1 € By, y1 € By, C1 = Eq, Q1 = Es, ey, € J3(Axy, — Byy),

oo
Sn = Jlil(Jlxn - pA*en)a Zn = Jl_l(an,ojlxn + Zan,ijlirinsn)?
i=1

oo
tn = Jo " (Jayn + pB*en), wy = Jy ' = (nodayn + Y niJ2Sin), (3.1)
=1

1
f1(up,u) + (Prg, u — un) + @1(u) — p1(up) + —(u — up, Jyuy, — J12,) > 0, Yu € Ej,

1
f2(vn; v) + (Pavn, v — vp) + p2(v) — @a(vn) + A—<v — U, Jovp, — Jowyp) >0, Vv € B,

Cn+1 :{5 eCy: ¢(Sa un) < ¢(S, xn) + 571}7
Qn-i—l :{t €EQn: (b(tvvn) < ¢(tv yn) + Bn}v
Tn41 :HCn+1$17 Yn+1 = HQn+1y1? Vn > 1,

where {a, ;} are sequences in [0,1], {r,} C [a,00),{\n} C [b,00) for some a,b > 0, p such that
0<p< 7(||A||212HBH2)’ where cy is the constant in Lemma 2.6, and 6, = sup,,eq, (In — 1)(p, 7n), Bn =
SUP,eq, (kn — 1)#(q, Yn), where the solution set
O x Qo = Q= SEGMEP(f1, f2, P, P2y 1, 02) N SEFPP({T; 12, {Si }i241) (3.2)
is a nonempty and bounded subset in E'; X Es. IfZ?iO ap i = 1foralln > 1 andliminf,, . an oo, >
0 foralli > 1, then {(zn, yn)} converges strongly to some point (z*,y*) € Q.

Proof. We divide the proof into four steps as follows:

Step 1: C), and @, are closed and convex for all n > 1.

It is clear that Cy = FE7 and ()1 = E» are closed and convex. Now, we assume that C), and Q),, are
closed and convex for some n > 1. Then, it can easily be seen that

Crp1 = {s € Cp 1 2(s, Jwn — Jun) < [|zal* = ||unl]® + 6n}, (3.3)
Qn—i—l = {t € Cn : 2<t’ Jyn - Jvn> < ||yn||2 - ||vn‘|2 + ﬁn}v (3-4)
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and thus, are closed and convex. Hence, Step 1 holds, and {x,,} and {y, } are well-defined.

Step2: Q C C, x Qy foralln > 1.

Clearly, @ C Cy X Q1. Suppose Q C C), X @, for some n > 1. Let (p,q) € €2, then using (2.3) and
(2.4) we get that

¢(p, sn) = o(p, JI_I(J1$n — pAtey))
= V(p, J1zn, — pATey)
<V (p, Jiwn) — 2p(J  (Jiwn — pA¥en) — p, A*ey)
= ¢(p, zn) — 2p(Asy — Ap, en). (3.5)

Note that u,, = Kj z,, then by Property (P2) of Lyapunov functional, applying the definition of {T3}2,
and substituting (3.5), we obtain

o(p, un) = d(p, K )
< ¢(p, 2n) (3.6)

= ¢(p7 Jl_l(an,()t]lxn + Z Oén’z'Jlj—;nSn»
=1

o0
S an,0¢(p7 [L’n) + Z an,i¢(p7 1-‘1”371)

i=1

< an,Oln¢(p7 xn) + Z an,iln(b(p; Sn)

i=1

< O‘n,Oln¢(p7 xn) + Z an,iln(ﬁ(p; xn) - 2pln Z Qni <A3n - A]% 6n>
i=1 i=1

= lnd(p, tn) — 2pln Y _ tni(Asp — Ap, ep). (3.7)
i=1
Following similar argument, we also get that

¢(Q7 Un) < kn¢(Qa yn) + ZPkn Z an,i<Btn — Bq, €n>- (3-8)
=1
Adding inequality (3.7) and inequality (3.8), and using the fact that Ap = Bq, we obtain

(P, un) + ¢(q, vn) < lnd(p, 70) + knd(q, yn) — 20(n + kn) Z an,i<ASn — Btp, en). (3.9)
=1

Moreover, observing that e,, € J3(Ax,, — Byy,) and applying Lemma 2.6, we get

—2p(ly, + kn) Z an i(As, — Bty ey)
i=1

= - 2,0(ln + kn) Z an,i(ln + kn)HAwn - BynH2 - 2,0(ln + kn) Z an,i<A3n — Bt,, €n>

i=1 i=1

+2p(ln + ki) Z an,i{(Azp — Byn, €n)
i=1

=—20(ln + kn) Y _ o illn + kn)||Azn — Bynl* + 20(In + kn) > _ ot i{A(2n — 50), €n)

i=1 i=1
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o
+2p(ln, + kn) Z ani(B(tn — yn), €n)
=1

< - 2,0(ln + kn) Z an,i(ln + kn)||Axn - Byn||2
=1

+2p(ln + kn)zan,iHAHHJl_l(Jlxn) - Jl_l(Jlxn — pA%en)|
=1

% [[Azn = Byall +2p(ln + kn) Y anal|BllllJ;* (Jayn + pBey)
=1
— Jy L2 (yn) ||| A2y — Bysl|

=1

00 Al2
4220+ ) S 20 4, — 2
i=1 2
2 S . |BI* — 2
+ 2p%(ln + k) Z Qtni ™ |[Azy, — Byn||
i=1 2
00 00 A 2+ B 2
== (n + k) {20 i — 207 Zan(w) bllAz, — Bya| .
i=1 i=1 2

Substituting (3.10) into (3.9) and using the condition on p, we obtain

¢<p7 Un) + ¢(q7 U’Vl)
o'} 00 2 2
S lné(pa xn) + kn¢(Qv yn) - (ln + kn){zp Z Qpj — 2P2 Z an,i (M)}

i—1 i—1 c2
x || Az, — Bya||®
< ¢(pa xn) + sup (ln - 1)(25(]?, xn)¢(Q7 yn) =+ sup (kn - 1)¢(Q7 yn)
pEMN qe2
B — oo~ (lAI>+11B|)? B 2
(I + kn){Zp;am 2p ; am(—c2 )} X ||Azy, — By
S gb(p, xn) + sup (ln - 1)¢)(p7 xn)d)(% yn) + sup (kn - 1)¢(Q7 yn)
peEM qefl2

= ¢(p7 xn) + 0, + ¢(Q7 yn) + ﬁn

This shows that (p, ¢) € Cp41 X Qpny1. Hence, Q C C), x @, for alln > 1.
Step 3: (2, yn) — (2*,y*) € By X Ey asn — oc.

(3.10)

(3.11)

Since z,, = Il¢, z¢ and Cp 41 C C, for all n > 1, then it follows that ¢(xy,, z¢) < ¢(Tp41, o), and
this implies that {¢(xy,, 20)} is non-decreasing. Moreover, since 2 C C), X @y, then by Lemma 2.9 we

have that
&(xn, o) = ¢(Ilc, w0, 20) < A(p, 20) — (P, ) < (P, 20),

for all n > 1. Hence, {¢(zn,x0)} is bounded, and therefore convergent. Consequently, by Property
(P1) of the Lyapunov functional, we have that {x,,} is bounded. Let m > n, then applying Lemma 2.9,

we have that

(T, xn) = O(Xm, e, o) < G(m, x0) — (xn, xo) — 0 as m,n — oo.
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Hence, by Lemma 2.8 we get that ||x,,, — zy|| — 0 as m,n — oo, which implies that
T, = 2" € By asn — 00.

Following similar argument, we also have that
Yn — Yy € Eyasn — o0.

Step 4: (z*,y*) € Q.
(a) First, we show that (z*,y*) € SEFPP(N2,T;, N2,5;).
Since {z,, } and {y, } are bounded, denote

Ky =sup{||z,||} < oo and Kj = sup{||y.||} < co.
n>0 n=0

Moreover, by the definitions of {d,,} and {3, }, and applying (3.14), it follows that

0, -0 and S, = 0asn — oo.
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(3.12)

(3.13)

(3.14)

(3.15)

Since (Tn41, Ynt+1) € Cnt1 X Qny1, we have that ¢(zp41, un) < d(Tni1,2n) + 0, — 0asn — oo

and ¢(Yn+1,n) < O(Ynt1,Yn) + Bn — 0 asn — oo. Hence, ¢(xp41,upn) — 0 and ¢(yp41,vn) — 0
as n — o0. Thus, by Lemma 2.8 we have that ||z,,+1 — u,|| — 0 and ||ynt+1 — vn|| = 0asn — oo.

Hence,
up, — ¥ and v, — y* as n — oo.

From inequality (3.11), we have that

(n + k) {2pzam— i (P UBIEN Y g, —

< o(p, :Cn) + sup (In ) (p,wn) + ¢(q, yn)

pEQ
+ sup (kn — 1)¢(q; yn) — d(p, un) — ¢(q, vn).
q€l2
Hence,
Al? +11BII?
i 50205 s~ 200 s (AL IBEY Y e
Tim (I + p;a p Z 62 | Az, — Bya||
< 11_>H1 (¢(p, wn) -+ sup (ln - 1)¢(p, xn) + ¢(Q7 yn)
n—00 peE
+ sup (kn — 1)é(q, yn) — &(p, un) — (¢, vn))
qeQo
= o(p,2") + 0(q,y") — ¢(p, %) — d(q,y") = 0.
Therefore, by the condition on p, we have that 0 = lim,_, ||Az, — By,|| = ||Az*
implies that
Ax* = By*
Applying Lemma 2.6, we have that
50 —a*|| = | I (i — pA¥en) — 2]

1 * *
< —||Jizy — pAte, — Jiz¥|
C2

IN

This implies that

lim s, = z*.
n—oo

1
a(”Jlxn — Jiz*|| + p||A||||Azy, — Byynl||) — 0asn — oco.

(3.16)

— By*||. This

(3.17)

(3.18)
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Similarly, we have that
[t —y*|| = HJ2_1(J2yn + pB¥en) — 7|

1 * *
< £||J2yn+pB en — Joy ||

1 ,
< g (1 = oy ||+ plIBll| A — Bynll) = 0as n — oo,

which implies that
lim ¢, = y*. (3.19)

n—o0
By the definition of ¢, Lemma 2.7 and uniformly quasi-¢-asymptotically nonexpansive of .S,,, for each
(p,q) € €2, we observe that

gb(p, Zn) = ¢(p> J_l(an,OJlfL'n + Z an,ijlnnsn))

=1

00 00
= ||p||2 - 2<p7 an,()Jl-rn + Z Oén,iJITinsn>||an,OJ1xn + Z Oén,iJlT‘inSn’|2
1=1 =1

o0 [e.9]
= [IplI* = 2an,0(p, J1zn) — 2 Z i (P J1L7" 50 )|l om,0 1y + Z i J1 T ||
i=1 i=1

o
< |IplI* = 20m.0(p, J1zn) — 2 ani(p, AT s0)

=1
o0
+ anol[JizalP + D anil [N sal* = anocn jor (|| Jizn — LT 50])
=1
< Ipl1* = 20m,0(p, J12n) + anol| 12>

o0 oo
=2 ani(p, Ts0) + ) angll W] sl 1> = anocnjgr (112 — 1] s4))
=1 =1

00
= an,0¢(p> mn) + Z an,i¢(pa T’znsn) - an,Oan,jgl(||J1$n - JlTZLSnH)
i=1

< anolnd (P, wn) + Y anilnd(, 50) — anocn g1 (|l izn — 1T ' s0l)). (3.20)
i=1
Following similar argument, we obtain
¢(Qa wn) < an,Okn¢(q’ yn) + Z an,ikn¢(Qa tn) - an,Oan,j92(||J2yn - JQS?th) (3-21)
i=1

For any j > 1, (p,q) € 2, and applying the fact that e,, € J3(Az,, — By,), it follows from (3.5), (3.6)
and (3.20) that

B(p, un) < an,Oln¢(pa Tn) + Z Qniln (¢(p, Tn) — 2p(As, — Ap, €n>)
=1
— an,0an,;91(||J1zn — J1 T snl|)

= ln¢(pa xn) + 2102 an,iln<Ap - Asna en> - an,Oan,jgl(HJI-fn - Jlj_'znan)
=1
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o0
< o(p, ) + Sué) (ln = 1)o(p, zn) + QPZan,ilnHAHHp — spl|||Azy, — Byn||
peth i=1

= an,00n,jg1 ([ J1zn — ST sul])
[e.@]
= ¢(p,zn) + 0n + ZPZO‘milnHAHHp — snl||[Azn — By||
=1
— an o0 jg1 (|| J1zn — T snl])-
This implies that
00,91 (|[J170 — J1 T sn|]) < @(p, Tn) — @(P, un) + 0
oo
+20 ) anilal|Allllp = sulll| Az — Byal|
=1

Hence,

nh~>ngo an,Oan,jgl(Hjlxn - Jlﬂn5n|‘) < nlglgo (gf)(p, xn) - ¢(p7 un) + 0n

+ 2pzan,ilnHA|H|p_ snll[|Azn — BynH)

i=1
o
+2p ) anl|Allllp — 2*[||Az* — By*|| = 0.
i=1
From the condition that lim inf,,_,~ v, 0an; > 0, we observe that
gillJixn — J1T*sp|| — 0asn — oo.
It follows from the property of g; that
lim ||Jizp, — 1T'sp|| =0 Vi>1. (3.22)
n—oo
Since x,, — x* and J; is uniformly continuous on bounded subsets of F', it yields Jyx,, — Jiz*. Thus
from (3.22), we have
Jlﬂnsn — Jll‘*, Vi>1. (3.23)
Since J; L. E} — E; is norm-weak™-continuous, we also have that
T's, —x*, Vi>1 (3.24)
On the other hand, for each ¢ > 1, we have that
T snll = [l I] = [IA T snll = || 2™l < [N T3 sn — Jrz7]].
In view of (3.23), we get ||1*sy,|| — ||z*|| for each ¢ > 1. By the Kadec-Klee property of E7, we have
that
T!'s, — x* foreachi > 1.
Following the assumption that for each ¢ > 1, T; is uniformly L;-Lipschitz continuous, we obtain
1T s — Tsall < 177 80 — T s
+ HTz‘n—HSn—&-l = Tnp1 || + |20t — @l + [[on — T} 50|
< Lil[sn+1 — snl| + HTin—i—15n+1 — Tng1l]
+ l|znt1 — 2ol + ||z — T7"snl]- (3.25)
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Since lim,, o0 8, = limy, 00 T, = 2" and T*s,, — 2™ for all © > 1, then it follows that
177 s = T sul| = 0.
From T}'s, — x*, we get that Tinﬂsn — x*, that is T;T,'s, — ™. Using the closeness of T}, we get
Tix*=x*, Vi>1.

This implies that

#* € N2, F(T).
By following similar argument, we also have that

y" e N F(S:).
Hence, it follows that

(a*,y") € SEFPP( 0, T, N2, 1) (3.26)
(b) Next we show that (z*,y*) € SEGMEP(f1, fa, P1, P2, 01, ¢2).
Let
F(a,b) = f(a,b) + (Pa,b —a) + ¢(b) — ¢(a), a,b€ Ey

and

1
Kl'(¢)={a€ By : F(a,b)+ =(b—a,Jia — Jic) >0 Ybce E}.

”
Hence, we have

1
K,f;(zn) =A{up € Er: Fi(up,u) + —(u — up, J1uy, — J1z, >0, Yu € Ey)},

Tn

and (3.27)
1

T (wy) = {vn € By : Fa(vy,v) + 3 (0 = Uns ot = Jawn 20, Yo € Bp)}.

From (3.7) we obtain

é(p,zn) < ln¢(p’ Tp) — 2ply, Z an,i<A3n — Ap, €n>

=1
= ln¢(pa $n) + 2pl,, Z Qg <Ap — Asp, en)
=1
< ¢(p, xn) + sup (ln — 1)é(p, zn)
pEQ
+ 20l > i [|Alll[p = snll|| Az — Bynl|)

i=1
= ¢(p, ) + 80 + 2pln Y ani{||Allllp = sullll Az — Byal)). (3.28)
i=1

Applying (3.15), (3.28), Lemma 2.12 and the fact that lim,,, o z,, = lim,,—yo0 ¥, = " and u,, = K,fi Zn,
we have

P(un, 2) = G(K 2, 2)
= ¢(p7 ZTZ) - ¢(p7 Krfrlbzn)

< ¢(p;xn) + 0n + 2pln Zan,imAHHp — snll|[Azn — Byn|])
=1
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— ¢(p,up) =0 asn — oo.
Hence, ¢(up, z,) — 0 as n — 0o. By Lemma 2.8, we have

lim ||u, — 2,|| = 0. (3.29)

n—oo

Since u, — z*, then we have z,, — «*. Since J; is uniformly norm-to-norm continuous on bounded
sets, we have

lim ||Jiu, — J1zn|| = 0.
n—oo
From the assumption that ,, > a, we obtain
i HJlun_lenH .
im ———— =

n—oo Tn

0.

Since

1
F1(up,u) + —(u — up, Jyuy, — J1z,, >0, Yu € Ej.

n

Then by applying (A2), we note that

Jrup, — J 1
| — unHM > (u— p, Sty — J12n)
Tn Tn
> —Fy(up, —u) > Fi(u,u,), Yu€ Fj.
Taking the limit as n — oo in the above inequality and applying (A4) and u,, — =*, we have
Fl(u,:v*) <0, Yu € Ej.

Fort € (0,1) and u € Ej, define uy = tu + (1 — t)z*. Observing that u,2* € FEj, then we have
uy € E7, and this yields

Fi(ug,z*) <0.
It follows from (A1) that
0= Fi(ug,up) < tF(ug,u) + (1 = t)Fy(ug, ) < tFy (ug, uw),

which implies that

Fi(ug,u) >0, Vue€ Ej.
Letting ¢ | 0, from (A3) we obtain

Fi(z*,u) >0, VYu€E.
This implies that

z* € GMEP(f1, P, ¢1).
Following similar argument as above, we also have that

Yy € GMEP(f2, P2, ¢2).
Hence, we have

(@",y") € SEGMEP(f1, fa, P1, Pa, 01, 2). (3.30)

Therefore, it follows from (3.17), (3.26) and (3.30) that (z*, y*) € Q as required. O
By taking P; = 0 and P, = 0 in Theorem 3.1, we obtain the following consequent result for approx-

imating a common solution of SEMEP and SEFPP for two infinite families of closed and uniformly
quasi-¢- asymptotically nonexpansive mappings.



32 0. T. MEWOMO, T. O. ALAKOYA, A. TAIWO, AND A. GIBALI

Corollary 3.3. Let E; and E> be 2—uniformly convex and uniformly smooth real Banach spaces with
dual spaces £ and E%, respectively, and let E3 be a real Banach space with dual space E3. Let fi :
Ey x By — R, fy : Ea x Ea — R be two nonlinear bifunctions satisfying conditions (A1)-(A4) and
w1 B — RU{+00},2 : B2 — R U {400} be proper lower semi-continuous and convex func-
tions. Let {T;}°, : E1 — Ei and {S;}2, : Eo — E3 be two infinite families of closed uniformly
L;—Lipschitz continuous and K;—Lipschitz continuous and uniformly quasi—$—asymptotically nonex-
pansive mappings with sequences {l,,} C [1,00) and {k,} C [1,00) respectively such that [, — 1 and
kn — 1, and N2, F(T;) # 0 and N2, F(S;) # 0. Let A : Ey — E3 and B : E5 — Es3 be bounded
linear maps with adjoints A* : E5 — EY and B* : E5 — E3, respectively. Let {(xy,, yn)} be a sequence
in By x Ey generated as follows:

Algorithm 3.4.

xz1 € By, y1 € By, Ci =Ey, Q1= Es, ey, € J3(Azxy, — Byy),

oo
Sy = Jl_l(Jlxn —pA¥en), zn= Jfl(amoJl:zn + ZamJlTi"sn),
=1

00
tn = J2_1(J2yn + PB*en)a Wp, = ng - (an,OJQQn + Zan,iJQSintn)v (3'31)
i=1

1
f1(un, u) + @1(u) — @1(upn) + —(u — up, J1uy, — J12) > 0, Yu € Eq,

Tn

1
J2(Vn,v) + @2(v) — @2(vn) + A—(U — Up, Javp, — Jowp) > 0, Vv € By,

Cn1 ={s € Cy, : ¢(s,un) < (s, 2n) + 0n},
Qn-l-l :{t €Qn: ¢(t7 Un) < <Z>(t, yn) =+ 671};

Tny1 =He, 171, Yot =g, 1, Yn>1,

where {cu, ;} are sequences in [0,1],{r,} C [a,00),{\n} C [b,00) for some a,b > 0, p such that
0<p< (IIAHQiLW’ where ¢y is the constant in Lemma 2.6, and §,, = SUPpeq, (In — 1)o(p, 20), Bn =
SUPgeq, (kn, — 1)é(q, yn), where the solution set

QL x Qo =0 := SEMEP(fl, fo2, 1, 302) N SEFPP({T‘Z}fil, {Sz}fil) (3.32)

is a nonempty and bounded subset in E'; X Fs. IfZ;’io api = 1foralln > 1 andliminf, . anoan; >
0 foralli > 1, then {(xn,yn)} converges strongly to some point (z*,y*) € Q.

Taking ¢1 = 0 and 2 = 0inTheorem 3.1, we obtain the following consequent result for approximating
a common solution of SEGEP and SEFPP for two infinite families of closed and uniformly quasi-¢-
asymptotically nonexpansive mappings.

Corollary 3.5. Let F; and FEo be 2—uniformly convex and uniformly smooth real Banach spaces with dual
spaces ET and E'5, respectively, and let '3 be a real Banach space with dual space E5. Let f1 : £y x By —
R, fa : E9 x E5 — R be two nonlinear bifunctions satisfying conditions (A1)-(A4) and P, : E; — E, P :
Ey — E3 be continuous and monotone mappings. Let {T;}7°, : Ey — Ej and{S;}3°, : E2 — Ej betwo
infinite families of closed uniformly L;— Lipschitz continuous and K;— Lipschitz continuous and uniformly
quasi—¢—asymptotically nonexpansive mappings with sequences {l,} C [1,00) and {k,} C [1,0)
respectively such that 1, — 1 and k,, — 1, and N2, F(T;) # 0 and N2, F(S;) # 0. Let A : Ey — E3
and B : Eo — E3 be bounded linear maps with adjoints A* : E5 — E} and B* : E5 — EJ, respectively.
Let {(zn,yn)} be a sequence in Ey X E generated as follows:
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Algorithm 3.6.
x1 € By, y1 € By, Cy = Ey, Q1= Es, e, € J3(Ax, — Byy),

oo
$p = J1 VN (Jizn — pA¥en), zn = Jl_l(anvoJlxn + Zan,iJlTi”sn),
i=1

e
ty, = J271(J2yn + pB*en), Wp = Jg_l = (an,OJQyn + Zan,iJQSintn)v (333)
=1

1
fi(up,u) + (Prup, u — u,) + T—(u — Up, J1up — J12n) >0, Yu € By,
n

1
fo(vn, ) + (Povy, v — vy) + /\—<v — Uy, Jovy, — Jowy) > 0, Vv € Eo,
n

Crnt1 ={s € Cp 1 ¢(s,un) < &(s,7n) + 6n},

Qn+1 ={t € Qn : ¢(t,vn) < (¢, yn) + Bn},

Tnt1 =, 21, Ynyr =g, y1, VR 2>1,
where {cu, i} are sequences in [0,1],{r,} C [a,00),{\n} C [b,00) for some a,b > 0, p such that
0<p< WW, where cy is the constant in Lemma 2.6, and 6, = sup,eq, (In — 1)¢(p, 7n), Bn =
sup,eq, (kn — 1)#(q, yn), where the solution set

M x Qo =Q:=SEGEP(fi1, fo, P1, ) N SEFPP({T;};2,,{Si}i21) (3.34)

is a nonempty and bounded subset in E'; X Es. IfoiO oy = 1 foralln > 1 andliminf,, o ap pou,; >
0 foralli > 1, then {(zn, yn)} converges strongly to some point (z*,y*) € Q.

If P = 0 and P, = 0 in Corollary 3.5, then we obtain the following corollary for finding a common
solution of split equality equilibrium problem and split equality fixed point problem for two infinite
families of closed and uniformly quasi-¢- asymptotically nonexpansive mappings.

Corollary 3.7. Let E'y and Eo be 2—uniformly convex and uniformly smooth real Banach spaces with
dual spaces I and E7, respectively, and let E'3 be a real Banach space with dual space E3. Let f1 :
E1 x Ey — R, fa : Es x E3 — R be two nonlinear bifunctions satisfying conditions (A1)-(A4). Let
{T;}2, : E1 — Ey and {S;}2, : B3 — Es be two infinite families of closed uniformly L;—Lipschitz
continuous and K;—Lipschitz continuous and uniformly quasi—@—asymptotically nonexpansive map-
pings with sequences {l,,} C [1,00) and {k,} C [1,00) respectively such thatl, — 1 and k, — 1, and
NX L F(T;) # 0 and N2, F(S;) # 0. Let A : Ey — E3 and B : Ey — E3 be bounded linear maps
with adjoints A* : E§ — EY and B* : E5 — E3, respectively. Let {(zy,,yn)} be a sequence in Ey x Es
generated as follows:

Algorithm 3.8.
x1 € By, y1 € By, Ci = Ey, Q1 = Es, e, € J3(Azxy, — Byy),

00
Sp = Jlil(Jlmn - ﬂA*en); Zn = Jl_l(an,Ojlxn + Zan,ilelinSn)v
=1

oo
ty, = J271(J2yn + pB*en), Wnp = J2_1 = (an,OJQ?/n + Z an,iJQSintn)v (3-35)
=1

1
fi(up,u) + r—(u — Up, Jyup — J12n) > 0, Yu € Ey,
n

1
fa(vp,v) + A—(v — Up, Jovy, — Jowy) >0, Yv € Ey,
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Cnt1 ={s € Cp, : ¢(s,un) < &(s,xp) + 0},

Qn1 ={t € Qn: ¢(t,vn) < ¢(t, yn) + Bn},

Tnt1 =le, 121, Ynt1 = Ug, 191, Vn =1,
where {a,;} are sequences in [0,1],{r,,} C [a,00),{\n} C [b,00) for some a,b > 0,p such that
0<p< (IIAHQ?FW’ where c3 is the constant in Lemma 2.6, and 6, = suppecq, (In — 1)@(p, Tn), Bn =
SUPeq, (kn — 1)#(q, Yn), where the solution set

N x Q=0 := SEEP(fl, fg) N SEFPP({TZ}fil, {Sz}fil) (3.36)

is a nonempty and bounded subset in E'; X Es. IfoiO oy = 1 foralln > 1 andliminf,, o ap pou,; >
0 foralli > 1, then {(zn, yn)} converges strongly to some point (z*,y*) € Q.

Remark 3.9. Corollary 3.7 improves, extends and generalises the corresponding result in [30] (Theorem
1) in the following senses:

(i) We obtain strong convergence result without imposing any compactness-type condition on the
mappings involved.

(if) We extend and generalise the mappings from two nonexpansive mappings to two infinite fam-
ilies of closed and uniformly quasi-¢-asymptotically nonexpansive mappings.

Taking f; = 0 and f = 0 in Corollary 3.7, then we obtain the following consequent result for solving
SEFPP for two infinite families of closed and uniformly quasi-¢-asymptotically nonexpansive mappings.

Corollary 3.10. Let F and Ey be 2-uniformly convex and uniformly smooth real Banach spaces with
dual spaces E and E3, respectively, and let E3 be a real Banach space with dual space E5. Let {T;}5° :
Ey — Ej and {S;}2, : Eo — E3 be two infinite families of closed uniformly L;—Lipschitz con-
tinuous and K;—Lipschitz continuous and uniformly quasi—@—asymptotically nonexpansive mappings
with sequences {l,,} C [1,00) and {k,} C [1,00) respectively such that l, — 1 and k,, — 1, and
N2 F(T;) # 0 and N2, F(S;) # 0. Let A : Ey — E3 and B : Ey — E3 be bounded linear maps
with adjoints A* : E5 — EY and B* : E5 — E3, respectively. Let {(zn,yn)} be a sequence in £y x Es
generated as follows:

Algorithm 3.11.
x1 € By, y1 € By, Cy = Ey, Q1= Es, e, € J3(Ax, — Byy),

o0
sn=J1  (Jizn — pA¥en), 2= Ji amoTizn + Y aniiT sn),
i=1

tn - J2_1(J2yn + pB*en)a Wnp = JQ_I - (an,OJZ?J’n + Zan,iJQSintn)a (3-37)
=1

(U — Up,J1uy — J12,) > 0, Yu € Ey,

(v = vy, Jovy, — Jowy) > 0, Yu € Eo,

Cn-‘,—l :{5 €Cy: ¢(Sa un) < ¢(S,$n) + 671}7

Qn+1 :{t € Qn : (b(tv ’Un) < ¢(t7 yn) + Bn}a

Tn41 :ch+1$1, Yn+1 = HQn+1y17 n > 17

where {cv, ; } are sequences in [0, 1], p such that0 < p < WFW’ where ¢y is the constant in Lemma
2.6, and 6, = supyeq, (In — 1)¢(p, Tn), Bn = supyeq, (kn — 1)$(q, yn), where the solution set

D x Qo =Q:=SEFPP({T;}2,,{5:}i21) (3.38)
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is a nonempty and bounded subset in E'; X F. Ifzz?io oy = 1 foralln > 1 andliminf, . ap o0, >
0 foralli > 1, then {(xy, yn)} converges strongly to some point (z*,y*) € Q.

Corollary 3.12. Let F and Ey be 2-uniformly convex and uniformly smooth real Banach spaces with
dual spaces E and E3, respectively, and let E3 be a real Banach space with dual space E. Let {T;}5° :
E, — Ey and {S;}32, : E3 — E3 be two infinite families of closed quasi—d—nonexpansive mappings
such that N2, F(T;) # 0 and N2, F(S;) # (. Let A : Ey — E3 and B : Ey — E3 be bounded linear
maps with adjoints A* : E5 — Ef and B* : E{ — E3, respectively. Let {(zn,yn)} be a sequence in
Ey x Ey generated as follows:

Algorithm 3.13.
x1 € By, y1 € By, Cy = Ey, Q1= Es, e, € J3(Ax, — Byy),

oo
sn=J1  (Jizn — pA¥en), 2= J7 amoTion + Y aniiT sn),

i=1

ty, = J2_1(J2yn + pB*en)a Wy = JQ_I = (an,OJZ:‘/n + Zan,ic&‘glntn); (3.39)
i=1

(U — Up,J1uy — J12,) >0, Yu € Ey,

(v — vp,Jovy, — Jowy) > 0, Vv € Eo,

Cri1 ={s € Cp: d(s,un) < d(s,xp) + 0pnt,

Qny1 ={t € Qn : 0(t,vn) < (L, yn) + Bn},

Tn+1 :ch+1$1> Yn+1 = HQn+1y17 n > 17

where {a, ; } are sequences in [0, 1], p such that0 < p < WW, where ¢y is the constant in Lemma
2.6, and 6y, = sup,cq, (In — 1)(p, 2n), Br = supyeq, (kn — 1)B(q, yn), where the solution set

Q1 x Qy = Q= SEFPP({T;}2,,{Si})) (3.40)

is nonempty. If Y oo s = 1 foralln > 1 and liminf,, o ap g0 ; > 0 foralli > 1, then {(zy,, yn)}
converges strongly to some point (x*,y*) € Q.

Proof. Since {T;}?°, : £y — Ej and {S;}3°, : E2 — Ej5 are two infinite families of closed quasi-¢-
nonexpansive mappings, then they are infinite families of closed and uniformly quasi-¢-asymptotically
nonexpansive mappings with /,, = k,, = 1. Hence, the conditions in Corollary 3.10 that {2 is a bounded
subset in F X Fq and for each ¢ > 1, T} and \S; are uniformly L;-Lipschitz and K;-Lipschitz continuous
respectively are irrelevant here. By the closeness of T; and S; for each ¢ > 1, it yields (z*,y*) €
SEFPP({T;}2,,{Si},). Hence, all other conditions in Corollary 3.10 are satisfied. Therefore, the
result is obtained directly from Corollary 3.10. 0

Remark 3.14. Corollary 3.12 extends the result in [18] (Theorem 3.1) by extending the mappings from
two closed quasi—¢@— nonexpansive mappings to two infinite families of closed quasi-¢-nonexpansive
mappings.

4. APPLICATIONS

In this section, we present some applications of our results to solve related problems in nonlinear
analysis and optimisation. In what follows, we assume that H;, Hy and H3 are real Hilbert spaces, C'
and () are nonempty, closed and convex subsets of H; and Hs, respectively, and A : H; — Hs, B :
Hy; — Hj are bounded linear maps.
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4.1. Split equality convex minimisation problem.
Taking f; = 0 and f2 = 0 in the SEMEP, then the SEMEP reduces to the SECMP (1.15). The solution
set of SECMP is denoted by SEC M P(p1, p2), that is,

SECMP(p1,p2) = {(z%,y") € E1 x Ey : p1(x) > p1(27),

©2(y) = 2(y"), © € Er,y € En, Az™ = By"}.
Hence, Corollary 3.3 can be used to solve the SECMP and the following result can be deduced directly
from Corollary 3.3.

Theorem 4.1. Let Ey and Eo be 2—uniformly convex and uniformly smooth real Banach spaces with
dual spaces £} and E3, respectively, and let 3 be a real Banach space with dual space E3. Let @1 :
Ey — RU{+00}, 2 : Ea — RU {+00} be proper lower semi-continuous and convex functions. Let
{T;}2, : E1 — Ey and {S;}2, : B3 — Es be two infinite families of closed uniformly L;—Lipschitz
continuous and K;—Lipschitz continuous and uniformly quasi—@—asymptotically nonexpansive map-
pings with sequences {l,,} C [1,00) and {k,} C [1,00) respectively such thatl, — 1 and k, — 1, and
N2 F(T;) # 0 and N2, F(S;) # 0. Let A : Ey — E3 and B : E3 — E3 be bounded linear maps
with adjoints A* : E5 — EY and B* : E — Ej, respectively. Let {(zy,yn)} be a sequence in Ey x Es
generated as follows:

x1 € E1, y1 € By, C1 = Eq, Q1 = Ea, e, € J3(Axy, — Byy),

[e.9]
sn =1 (Jiwn — pA¥en), 2= I amo i + Y aniiTsn),

=1
00
tn, = J2—1(J2yn + pB*en), Wy, = J2_1 — (an,ngyn + ZOémiJgS?tn), (4.1)
=1

1
o1(u) — 1 (up) + T—(u — Up, Sty — J12n) >0, Yu € Ej,

n

1
w2(v) — pa(vy) + A—(U — Up, Jovy, — Jowy) >0, Yu € Ey,

Crt1 ={s € Cy : ¢(s,un) < &(s,2n) + n},
Qn+1 :{t €Qn: Qb(tavn) < Qb(tayn) + /Bn}a

"Bn-i-]. :Hon+1$17 yn-i—l = HQ7L+1y17 vn Z 1)

where {cu, i} are sequences in [0,1],{r,} C [a,00),{\n} C [b,00) for some a,b > 0, p such that
0<p< (”Angiw, where cy is the constant in Lemma 2.6, and 6, = sup,,eq, (In — 1)¢(p, 7n), Bn =
sup,eq, (kn — 1)@(q, yn), where the solution set

Ql X QQ =Q
1= SECMP(p1,2) N SEFPP({Ti};21,{Si}i21)

is a nonempty and bounded subset in E'; X F. IfZ;’iO oy = 1 foralln > 1 andliminf, . ap oo, >
0 foralli > 1, then {(xy,yn)} converges strongly to some point (z*,y*) € Q.

4.2. Split equality variational inclusion problem. Let A/ : H; — 2H1 and N : Hy — 282 be
maximal monotone maps. The Split Equality Variational Inclusion Problem (shortly, SEVIP) is defined as
follows:

Find 2 € M~1(0), y € N71(0) such that Az = By,
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where M~(0) = {x € H; : 0 € M(x)} and N~1(0) = {y € Hy : 0 € N(y)} are called the set of
zeros of M and N, respectively, see [41].
We apply Theorem 3.1 to approximate a solution of the SEVIP in Banach spaces as follows:

Theorem 4.2. Let £ and Eo be 2—uniformly convex and uniformly smooth real Banach spaces with dual
spaces T and 5, respectively, and let '3 be a real Banach space with dual space E5. Let f1 : By x E; —
R, fo : E3 x E3 — R be two nonlinear bifunctions satisfying conditions (A1)-(A4), P, : E1 — E{, Py :
Ey — E3 be continuous and monotone mappings and 1 : E1 — RU {+00}, g2 : Fa — RU {400} be
proper lower semi-continuous and convex functions. Let {M;}22, : By — 2F1 and {N;}2, : Ey — 252
be two infinite families of maximal monotone maps such that NS | M, *(0) # 0 and N2, N; 1(0) # (. Let
A: Ey — E3and B : Ey — E3 be bounded linear maps with adjoints A* : E5 — EY and B* : £ —
E3, respectively. Let {(xn,yn)} be a sequence in Ey x Ey generated by Algorithm 3.4, where {c, ; } are
sequences in [0, 1], {r,} C [a,00),{\,} C [b, 00) for some a,b > 0, p such that0 < p < (HAHQiW,
where ca is the constant in Lemma 2.6, and 6, = sup,,cq, (In—1)¢(p, ¥pn), Br = sup,eq, (kn—1)9(q, yn),
where the solution set

Ql X QQ =0
1= SEGMEP(f1, f2, P1, P2, 1,2) N SEFPP({M; 1 (0)}2, {N; 1 (0)}21)

is a nonempty subset of E1 X FEs. Ifz;ﬁo api = 1 foralln > 1 and liminf,, o oy 00,5 > 0 for all
i > 1, then {(zy, yn)} converges strongly to some point (x*,y*) € Q.

Proof. Set T; = QMi .= (J; +rM;) ' Jyand S; = QNi := (Jo +rNy) Vo, r > 0,4 =1,2,... 1t
is known that a point z is a fixed point of @ if and only if z is a zero of M; for eachi = 1,2, .. ..

Also, y is a fixed point of Q,{V" if and only if y is a zero of V; for each ¢ = 1,2,.... Moreover, from
Lemma 2.13, we obtain that Qi and Qi are quasi-¢-nonexpansive for each i = 1,2, .... Therefore,
the conclusion follows from Theorem 3.1. O

5. NUMERICAL EXAMPLES

In this section, we present some numerical examples to demonstrate the implementability and efficiency
of our algorithm in comparison with related method in the literature.

: : s _ 2n R 3n+1 _
In the numerical computations, for ¢ = 1,2,...,10, we choose a0 = 5257, n,i = 0601 P =
_ _ _n _ _ . n _ n+l . .
04,7, = A = 5.7 = 0.8, pp = 7,45 and o, = 5775 in Appendix 6.1.

Example 5.1. Let £y = E» = F3 = Rand C = @Q = [0, 10]. Let the mappings A, B : R — R be
defined by Az = 27’” and Bxr = §. Then, A and B are bounded linear operators. Also, let T;(z) = %m
and S;(x) = %x, for all + € N. Then, T; and S; are quasi-¢-nonexpansive, for each ¢ € N and hence
are quasi-¢- asymptotically nonexpansive. Let 17 =Ty =T = F' = %x and 1 =S, =5=G = %ZE
Let the bifunctions f1 : £y x E1 — Rand f5 : E5 x E3 — R be defined by fi(x,y) = y* + 3zy — 422
and fo(z,y) = 2y% + vy — 322 VY(z,y) € R x R. Also, we define ¢; : By — R U {+o00} and
@9 : By — RU {400} by p1(x) = 22 and po(x) = x, and we take P; = 3z, P, = 5z Vo € R. It can
easily be verified that all the conditions of Theorem 3.1 are satisfied. Next, we find u € C such that for
allz € C

0 < fi(u,2) + (Piu, z —u) + p1(2) — @1(u) + %(z —u,u — )

1
= 22% + 3uz — 5u? + 3u(z —u) + —(z — u,u — )
T

<~
0 < 2r2% + 3ruz — 5ru’ + 3ur(z — u) + (2 — u)(u — )
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= 2r22 + 3ruz — 5ru? + 3ur(z — u) + uz — xz — u® + ux
=2r2% + (6ru+u —x)z + (—8ru® — u* + ux).
Suppose h(z) = 2rz? + (6ru + u — x)z + (—=8ru® — u? + ux). Then, h(z) is a quadratic function

of z with coefficients a = 2r, b = (6ru + u — x), and ¢ = (—8ru2 —u? + ux). We determine the
discriminant A of h(z) as follows:

A = (6ru+u—z)% —4(2r)(=8ru® — u? + ux)
= 100r%u? + 20ru? — 20ruz + u® — 2ux + x>
= ((10r + 1)u — x)z. (5.1)

According to Lemma 2.12, K is single-valued. Therefore, it follows that h(z ) has at most one solution
in R. Thus, from (5.1), we have that u = =% This implies that Ki'(z) =

K{Q (y). Find w € @ such that foralld € Q

e +1 we compute

Kﬁ?(@/) = {w €Q: Fr(w,d)+ pa2(d) —<p2(w)+%<d—w,w—y> >0, Vde Q}.

This implies that KfQ( ) = ¥

By following similar procedure as above, we get w = 10T

We choose different initial values as follows:
Case la: x1 = —5.8,y1 = 200;

Case Ib: x1 = 65,y; = —78;

Case Ic: x1 = %zﬂ = —289;

Case Id: x1 = —119,y; = 267.

10)\+1

We compare the performance of our Algorithm 3.2 with Appendix (6.1) (Old Alg.) using MATLAB
R2021b installed in Windows 10 on an HP Laptop with Intel(R) Core(TM) i5 CPU and 4GB RAM. The

stopping criterion used for our computation is Tol,, = lx”“_xnlgly”“_y"' < 10~ We plot the

graphs of errors against the number of iterations in each case. The figures and numerical results we
have obtained are shown in Figure 1 and Table 1, respectively.

TaBLE 1. Numerical results.

Algorithm 3.1 Old Alg.
Case Ia CPU time (sec) | 0.0148 0.0203
No of Iter. 22 35
CaseIb CPU time (sec) | 0.1974 0.5268
No. of Iter. 21 34
Case Ic CPU time (sec) | 0.0011 0.0020
No of Iter. 23 36
Case Id CPU time (sec) | 0.0015 0.0018
No of Iter. 23 37

Example 5.2. Let E; = Fy = E3 = Ly(]0, 1]) be endowed with inner product

1
(2,5) = /0 £()y(Hdt, Y,y € Lo(0,1])
and norm . A
el s= ([ 1e(®F)* Vo€ Lo,
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Ficure 1. Top left: Case Ia; Top right: Case Ib; Bottom left: Case Ic; Bottom right: Case
Id.

We define f1 : E1 X E1 — Rand fo : B2 X Es — Rby fi(z,y) = (Liz,y — x) and fa(z,y) =
(Lox,y — x), where Lix(t) = @ and Lox(t) = % It can easily be verified that f; and f; satisfy
conditions (A1)-(A4). Also, take Pix = M,Pg[l? = @ and g1 = pox = x(t) Yo € Lo([0,1)).

3
Moreover, let A, B : Ly([0,1]) — L2([0,1]) be defined by Az(t) = 224 and Ba(t) = %, Then,
A and B are bounded linear operators. Also, let (T;z)(t) = g:(t) and (Sjz)(t) = 5x(t), for all
i = 1,2,... Then, T; and S; are quasi-¢-nonexpansive, for all ¢ = 1,2,.... and hence are quasi-¢-

asymptotically nonexpansive. Let 17 =T, =T = F = %x and S1 =S, =5=G = %m Next, we
find x € F4 such that for all u € 4

filz,u) + (Pix,u — z) + @1(u) — @1(x) + %(u—x,x —2)>0

<:><g,u—:z:>+(g,(u—x)>+u—x+%<u—x,x—z> >0
@g(u—x)+§(u—az)+%(u—x)(:p—z) >0

<= (u—z)[bre + 6r+6(x —z)] >0

< (u—x)[(5br +6)x + 6r —62] > 0. (5.2)

According to Lemma 2.12,

Kfl(z) ={z € Ey: fi(z,u) + (Pix,u — ) + ¢1(u) — ¢1(x) + %(u —z,x—2)>0,Vu€ E}
is single-valued. Hence, from (5.2) we have that z = 6527;667’. Similarly, we find y € E; such that for

allv € By

f2(y,v) + (Pay,v — y) + p2(v) — p2(y) + \

10w—10A
TA+10 -

(v—y,y —w)>0.

Following similar procedure as above, we obtain y =
We choose different initial values as follows:
Case Ila: ©1 = t2 + 3t — 9,y1 =2t + 3;
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FicuUre 2. Top left: Case Ila; Top right: Case IIb; Bottom left: Case Ilc; Bottom right:
Case IId.

CaseIlb: x1 = t> 4+ 1,y; = sint;

Case llc: x1 = tcost,y; = %;

Case Ild: 71 = t3 — 6,y = exp(2t).

We compare the performance of our Algorithm 3.2 with Appendix (6.1) (Old Alg.) using MATLAB
R2021b installed in Windows 10 on an HP Laptop with Intel(R) Core(TM) i5 CPU and 4GB RAM. The
stopping criterion used for our computation is Tol,, = ||Zn 11— Zn |2 + || Yns1 — ynl|> < 10~ We plot
the graphs of errors against the number of iterations in each case. The figures and numerical results
are shown in Figure 2 and Table 2, respectively.

TAaBLE 2. Numerical results.

Algorithm 3.1 Old Alg.

Case Ila CPU time (sec) | 0.4351 0.6266
No of Iter. 13 18

Case IIb CPU time (sec) | 0.4813 0.7947
No. of Iter. 11 14

Case IIc CPU time (sec) | 0.3047 0.3558
No of Iter. 13 18

Case IId CPU time (sec) | 0.4218 0.6499
No of Iter. 13 18

6. CONCLUSION

In this work, we introduce a new iterative scheme in the framework of Banach spaces to find a common
solution of SEGMEP and SEFPP for two infinite families of closed uniformly L;-Lipschitz continuous
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and K;-Lipschitz continuous and uniformly quasi-¢- asymptotically nonexpansive mappings. We es-
tablish strong convergence theorem for the problem considered without imposing any compactness-
type conditions on the operators involved. Moreover, We obtain some consequent results and also
apply our theorem to solve SECMP and SEVIM.

Appendix 6.1. [30] (Old Alg.)
f1(un, w) + (Prag, u — up) + @1(u) — @1 (un) + Hu — wy, Jyup — Jizn) >0, Vu € Ey;

r

f2(vp,0) + (Povn, v — vy) + 02(0) — p2(vy) + L(v — vy, Jovn, — Joyn) >0, Vv € Ey;

Tnt1 = nZp + (1 — ap)T(uy — le_lA*Jg(Aun — Buy));
Ynt1 = anyn + (1 — ) S(vn + pJy ' B* J3(Au,, — Buy)), ¥n > 1;

where T : By — FE4y and S : Ey — E are non expansive mappings.
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