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ABSTRACT. In this article, we investigate a class of nonsmooth multiobjective semi-infinite programming
problems with vanishing constraints (in short, NSIMOPVC) on Hadamard manifolds. We introduce the
scalarized Lagrange-type dual problem and the vector Lagrange-type dual problem related to NSIMOPVC
in the framework of Hadamard manifolds. We derive weak and strong duality theorems relating NSI-
MOPVC and the corresponding dual problems under suitable geodesic convexity assumptions. Moreover,
we establish scalarized saddle point optimality conditions as well as vector saddle point optimality condi-
tions for NSIMOPVC in the setting of Hadamard manifolds. To the best of our knowledge, this is for the
first time that saddle point optimality criteria and Lagrange duality for NSIMOPVC have been investigated
on Hadamard manifolds.
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1. INTRODUCTION

In optimization theory, a semi-infinite programming problem (in short, SIP) refers to the class of
mathematical programming problems in finitely many decision variables on some feasible set described
by infinitely many constraints. The origin of SIP is closely related to the work of Haar [10], Chebyshev
approximations and Fritz John optimality criteria [15]. Later, the term ‘(SIP)’ was coined by Charnes
et al. [3] in 1962. (SIP) has a very wide range of applications in several real-life problems of math-
ematical physics, game theory, engineering design, etc., see [6, 11]. As a result, in recent times, SIP
has emerged as a very crucial area of research in optimization and has been studied extensively by
numerous researchers, see, for instance [4, 8, 19, 25] and the references cited therein.

Mathematical programming problems with vanishing constraints (abbreviated as, MPVC) comprise a
special category of constrained optimization problems. One of the important features of MPVCs lies in
the fact that in various applications, some of the constraints present often become redundant at certain
feasible elements. MPVCs were introduced by Achtziger and Kanzow [1]. In the last few years, various
practical problems in the field of structural and topology optimization have been modeled as MPVC.
For a more comprehensive study of (MPVCs), we refer to [12, 13, 14, 24].

Hoheisel and Kanzow [12] derived first-order and second-order optimality conditions for MPVC.
Further, constraint qualifications for MPVC were investigated by Hoheisel and Kanzow [14]. Dorsch
et al. [5] investigated several stationary points of MPVC. Guu et al. [9] derived sufficient optimality
criteria for semi-infinite MPVC. Mishra et al. [20] explored constraint qualifications for MPVC with
vector-valued objective function. Upadhyay and Ghosh [23] developed constraint qualifications for
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MPVC on Hadamard manifolds. Upadhyay et al. [24] established Karush-Kuhn-Tucker type optimality
conditions and duality for nonsmooth multiobjective semi-infinite MPVC on Hadamard manifolds.

In the last few decades, the study of optimization problems in the framework of manifolds has
emerged as a very prominent and interesting area of research. In the modeling and analysis of many
practical problems in the area of data analysis, the framework of manifolds is found to be more use-
ful, as compared to the traditional Euclidean space setting (for reference, see, [7]). On the other hand,
generalizing various methods of optimization from Euclidean spaces to the framework of manifolds
has numerous important advantages. For instance, it is possible to remodel many difficult, constrained,
non-convex optimization problems formulated in the Euclidean space framework to simpler equivalent
unconstrained convex problems in the Hadamard manifold framework, see [22]. In light of these ad-
vantages, several researchers have generalized many interesting ideas related to optimization theory
from Euclidean space setting to the framework manifolds, see, [24] and the references provided therein.

In sharp contrast to Euclidean spaces, manifolds, in general, are not equipped with a linear structure,
though globally diffeomorphic. Therefore, despite being globally homeomorphic to Euclidean spaces,
the development of optimization techniques in the framework of Hadamard manifolds is accompanied
by several difficulties. For instance, in sharp contrast to the setting of Euclidean space, the notion of a
unique line segment joining any two points is not available in the manifold setting. Further, the expo-
nential map and inverse of the exponential map on Hadamard manifolds are nonlinear (see, for instance,
[18]). As aresult, new techniques have been developed by researchers in the last few decades to investi-
gate optimization problems on manifolds. For instance, the concept of geodesic convexity is introduced
in the manifold setting, employing the notion of unique minimal geodesic to connect any two points in
the Hadamard manifold. Moreover, the concepts of parallel transport and exponential maps on the tan-
gent space of a Hadamard manifold (which has a vector space structure) are employed in order to deal
with the nonlinearity of manifolds. The primary motivation and objective to investigate nonsmooth
MPVC on Hadamard manifolds, rather than Riemannian manifolds, is as follows. Firstly, the notion of
injectivity radius (see, for instance, [26]) ensures that the exponential map is globally diffeomorphic in
the case of Hadamard manifolds. On the other hand, the exponential map is locally diffeomorphic in
the setting of Riemannian manifolds. Therefore, the established results in the framework of Hadamard
manifolds hold within the totally normal neighborhood of each point in the Riemannian manifolds.

Motivated by the works of [21, 24], in this article, we study a class of nonsmooth multiobjective
semi-infinite programming problems with vanishing constraints (in short, NSIMOPVC) on Hadamard
manifolds. We introduce the scalarized Lagrange-type dual problem and the vector Lagrange-type dual
problem related to NSIMOPVC, in the framework of Hadamard manifolds. We derive weak and strong
duality theorems relating NSIMOPVC and the corresponding dual problems under suitable geodesic
convexity assumptions. Moreover, we establish saddle point optimality conditions for NSIMOPVC in
the setting of Hadamard manifolds. The results derived in this paper generalize, extend and unify
several notable results existing in the literature. For instance, the results derived in the paper extend
the corresponding results derived by Tung et al. [21] from Euclidean space setting to the framework of
Hadamard manifold, as well as generalize them for a more general class of optimization problems.

The rest of the article unfolds in the following manner. In Section 2, we recall some basic definitions
and notation that will be used throughout the paper. In Section 3, we formulate scalarized Lagrange
type dual problem related to NSIMOPVC and establish several duality results. We also discuss scalar
saddle point optimality criteria for NSIMOPVC. In Section 4, we formulate the vector Lagrange type
dual problem related to NSIMOPVC and establish weak and strong duality results. Moreover, vector
saddle point optimality criteria for NSIMOPVC are established. In Section 5, conclusions are drawn and
some future directions are discussed.
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2. NOTATION AND MATHEMATICAL PRELIMINARIES

The standard symbols N and R" are used to signify the set consisting of every natural number and
the Euclidean space having dimension n (n € N), respectively. The symbol ) is used to signify an
empty set. The non-negative orthant of R" is denoted by R’}. Let A be any arbitrary infinite set. Then
the following sets will be used in the sequel:

R := {(2¢)gea : 2¢ = 0 for every £ € A, except z; # 0 for finitely many ¢ € A},
R‘f‘ = {z = (2)pea € R 2y >0, V0 € A}

Let ¢, d € R™. The following notations will be used in the paper:

c<d<+=cj<dj, Vj=12,...,n
de Cjﬁdj, Vj:l,Q,...,n,
¢ <d,, foratleastoner e {1,2,...,n}.

Let B C R™. The linear hull, closure and convex hull of B in R™ are denoted by the symbols span(B),
cl(B) and co(B), respectively. The positive conic hull of B is signified by the symbol pos(53). The
following sets will be employed in the sequel:

B~ :={uecR":uTv <0, YveB},
B :={ueR":uv <0, Yo e B},
Bt = {ueR":ulv=0,VveB}.
Let By, By C R™. The following relations are well-known:
pos(B1 U Bz) = pos(Bi1) + pos(B2), span(B; U By) = span(B;) + span(Ba).
The following notation will be employed in the sequel:

WMin § = {5 € 5 (5 —5)N—intRY =0}
+

The notation .# will be used to signify a smooth manifold having dimension n, where n € N. Let
y* € . The set of all tangent vectors at y* is known as the tangent space at y*, and is denoted
by T« . Further, T\« .# is a real linear space, having a dimension n. In case we are restricted to
real manifolds, Ty«.# is isomorphic to R". A Riemannian metric ¢4 on .# is a 2-tensor field that is
symmetric as well as positive-definite. For any w1, w2 € Tjy+.#, the inner product of w1 and wy is given
by (w1, wa)y = Gy (w1, w2), where ¢, denotes the Riemannian metric at the element y* € .#. The
norm corresponding to the inner product (wy, wa)y~ is denoted by || - ||+ (or simply, || - ||, when there
is no ambiguity regarding the subscript). Let a,b € R, a < band v : [a,b] — .# be any piecewise
differentiable curve, such that v(a) = y*, v(b) = 2. A vector field Y is referred to be parallel along the
curve v, provided that the V,,Y = 0. If V,,2/ = 0, then v is termed as a geodesic. If ||| = 1, then v
is said to be normalised. The exponential function exp,. : Ty«.# — M is given by exp, . () = v(1),
where v is a geodesic which satisfies #(0) = y* and /(0) = . A Riemannian manifold is referred
to as a Hadamard manifold (or, Cartan-Hadamard manifold) provided that .# is connected, geodesic
complete, and has a nonpositive sectional curvature throughout. Henceforth, in our discussions, the
notation ./ will always signify a Hadamard manifold of dimension n, unless it is specified otherwise.

Let y* € .#. Then, exp . : Ty«.#/ — ./ is a globally diffeomorphic function. Moreover, expz}1 :

M — Ty« M satisfies exp;*1 (y*) = 0. Furthermore, for any y},y; € .#, there always exists some
unique normalized minimal geodesic vy : [0,1] — .7, such that vy; s (7) = exp,- (Texp ;TI (y3)),

for every 7 € [0, 1]. Thus, every Hadamard manifold .# of dimension 7 is diffeomorphic to R™.
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The following definition of contingent cone is from [16].

Definition 2.1. Let 7 C .# and z € cl(F). Then the contingent cone (in other terms, Bouligand
tangent cone) of F at z, denoted by .7 (F, 2), is defined as follows:

T(F,z) ={weT,#:3t,|0,Iw, € T,.#,w, = w,exp,(t,wy,) € F,Vn € N}.
The following definition is from Udriste [22].

Definition 2.2. Any set D C .# is termed as geodesic convex set, provided that for every pair of
distinct elements 21, 22 € D and for the geodesic v;, ., : [0,1] — .# connecting z; and 23, we have
Va1,2(t) € D, for every t € [0, 1], where, 72, 2, (t) = exp,, (texp;'(22)).

The following definitions and theorem will be employed in the sequel (see, [2]).

Definition 2.3. Let A C .# and ¢ : A — R be a real-valued function. Then ¢ is said to be locally
Lipschitz at z € A withrank £ (£ € R, £ > 0), if for every 21, z2 in some open neighborhood of z, the
following is satisfied:

p(21) = p(22)| < Lw(z1, 22),
where w(z1, 22) is the Riemannian distance between the points z; and 2z on A.

Definition 2.4. Let 21,22 € .# and ¢ : .# — R be a locally Lipschitz function. The generalized
directional derivative of ¢ at zy in the direction w € T,,.#, denoted by the symbol ©°(z2;w), is
defined as follows:

@ |exp,, (T (dexp, ol W — o(z1)
©°(2z2;w) := limsup ( ! ( ( 2)e P2y (21) ))

)
z1—22, t10 t

(T, M) = T,, 4 — T,, M is the differential of the exponential

where (d expz2)

exprt(21) * Lexpz) (1)
function at exp_'(z1).

Definition 2.5. Let ¢ : .# — R be a locally Lipschitz function. The Clarke subdifferential of ¢ at
z1 € M, denoted by 0°p(z1), is defined as follows:

0°p(z1) = € Ty M : ©°(z1;w) > (& W)y, Yw €Ty, M} .

Lemma 2.6. Let ¢ : .# — R be a locally Lipschitz function with Lipschitz constant L neary € M .
Then

(a) The Clarke subdifferential 0°p(y) is a nonempty, convex, compact subset of Ty.# . Moreover,
€]l < L forevery & € 0°p(y), and 0°p(y) is upper semicontinuous at y.

(b) For every w in Ty.#, we have: ©°(y; w) = max{({,w) : £ € 0%(y)}.

(¢) If {yn} and {&,} are sequences in .4 and the tangent bundle T . , respectively, such that &, €
0% (yn) for everyn € N, {y,} — y. Further, let £ be a cluster point of {{,,}. Then, we have
£€%(y).

Theorem 2.7. Let ¢ : .# — R be a locally Lipschitz function. Then, for any z1,z9 € ., there exist
some tg € (0,1) and z9 = o (to), such that p(z2) — ©(21) € (0° (20),0" (to)), , where o(t) :=
exp,, (texp,l(z1)), ¢ € [0,1].

20’

Definition 2.8. Let ¢ : D — R be any locally Lipschitz function defined on a geodesic convex subset
D of 4. Then, ¢ is termed as geodesic convex (respectively, strictly geodesic convex) at zo, provided
that for every z1 € D (respectively, z; € D, 21 # 22) and for every £ € 0°p(22), we have:

©(z1) — p(z2) > (respectively , >) <§, expz_gl(zl)>z2 .
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3. ScALARIZED LAGRANGE DUALITY AND SADDLE POINT OPTIMALITY FOR NSIMOPVC

We consider the following nonsmooth multiobjective semi-infinite programming problem with equi-
librium constraints defined on Hadamard manifolds (NSIMOPVC):

(NSIMOPVC) Minimize ®(y) := (®1(y),...,®m(y)),

subjectto Wy (y) <0, VteT,
0;(y) =0, VieJ:={1,...,q},
Aj(y) >0, VjeS:={1,...,p},
Bi(y) >0, VjeS:={1,...,p}
Bi(y) Aj(y) =0, VjeS:={1,...,p}.

Here, all the functions ®; (j € I :={1,...,m}), ¥, (t € T),0; (j € J) and Bj, A; (j € S) are
locally Lipschitz real-valued functions defined on some 7n-dimensional Hadamard manifold .# (n € N).
The index set 7 is considered to be arbitrary (possibly infinite).

The feasible set of the problem NSIMOPVC is denoted by F. Let y € F. The following sets will be
employed in the sequel:

L(y) :={t € T : ¥i(y) = 0},
() = {o e R : ,T,(y) =0, ¥t € T}.

Now we recall the notions of Pareto efficient and weak Pareto efficient solutions for NSIMOPVC (see,
for instance, [25]).

Definition 3.1. Let @ € F. Then the element a is termed as a Pareto efficient (respectively, weak
Pareto efficient) solution of NSIMOPVC, provided that there exists no other element a € F, satisfying

®(a) < (respectively, <) ®(a).
Let & € F. The following index sets will be helpful in the subsequent discussions.
Ri(a) ={jeS:Aja) >0},

Aj(a) =0},

Aj(a) > 0,B;(a) =0},
EL) = {] S .Aj(fl) = O,Bj(d) > 0},

Aj(a) =0,B;(a) =0} .
Remark 3.2. Every index set defined above clearly depends on the choice of ¢ € F. Nevertheless, in

the remaining portion of the article, we shall not indicate such dependence explicitly when it is easily
perceivable from the context.

The following definition of strong stationary element of NSIMOPVC in the Hadamard manifold
framework is from Upadhyay et al. [24].

Definition 3.3. Let @ € F. Then a is referred to as a strong stationary element of NSIMOPVC, provided
that there exist o € R, 0¥ € o7 (a), o? e RY, oA € RP, 6B € RP, satisfying:

0> aofia)+ Y ol oW(a)+ Y ol0°0;(a)
jeI teT JjET
=) oo Ai@) - aFocB;(a),

JjeS jES
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o' =0, VjeRyo(a), of'>0, VjeRopla),
of =0, VjeRo(a),
O']B>0, Vj € Roo(a), and Za]—l

jel
Leta € F,o¥ € R‘I‘, o € RY, 04 € RP, 0B € RP. We now define some index sets that will be

employed in the rest of the article.

LY(a):={t e L(a): o} >0},

S e g A
R (@) :={j € J(@): o] >0}, RTEZ; ; g i ZZ)EZ; 33 ;())}}
R;(@):={j € J(@): 0] <0}, R+O(d) (e Ruold) : JZ?’ < 0}’
@ = e Ry@ ot >0 00T
5+ (5 . LA 1-(@) ={j € Ry_(a) : 05 > O},
% (@) :=={j € Ro(a) : o5 > 0}, RE (a) == {j € Roy(a) : & > 0}
Ry (a) :={j € Ro(a) : 0—34 <0}, R[i+(d) = {j € Rop(a): UJB < 0}’
Ri (@) = {j € Ro+ (@) : 7" > 0}, RD: (a) — {j € Ro;a) B 0}7
Ro.(a) = {j € Ro (@) : o7 < O}, Ro_o(d) = {j € Roo(a) U]B < 0}7
Rio(@) := {j € Roo(@) : o7 > 0}, R*OO(EL) ={j € Ro—(a) JJB > 0}’
Roo(@) := {j € Roo(a) : 07* < 0}, ” N ]

The following definition is from [24].

Definition 3.4. Let ¢ € F. Then, the VC-linearized cone of NSIMOPVC at a, denoted by T{;icn(d), is
defined as follows:

TGE(a) = {w € Todl : (&, w)a <0, V&' € 0°Uy(a), Vt € L(a),
(€0, w)s =0, V& €0°;(a), Vje T,
(€M w)a =0, Vg € 0°M;(a), Vi € Ry,
(€M w)e >0, VEM € 0°M;(a), Vi € Roo,
(€ w)a >0, VeEN € 9°N;(a), ¥j € Roo,
(€ ) =0, VeV € °N;(a), Vj € Ryo}.

Now, we present NSIMOPVC-tailored ACQ in the framework of Hadamard manifolds for our con-
sidered problem.

Definition 3.5. Let ¢ € F. Then the NSIMOPVC-tailored ACQ (in short, NSIMOPVC-ACQ) holds at
a, if

T a) € T (F,a).
Let a € F. We define the following sets for our convenience:

Vo i=Jowua), Vo= 003(a), va = |J 0°4;(a),

teL jeTJ JERo+

V= |J  -04@), ve = |J oBja), ve,= | 0Bj(a)

JERo00URo— JER+0 JER+0UR00

The following theorem from Upadhyay et al. [24] will be useful in the sequel.
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Theorem 3.6. Let a € F be a weak Pareto efficient solution of NSIMOPVC at which (NSIMOPVC-ACQ)
holds. If the set
Uy == pos Vg UV, UVn,) +span (Vo U V)
is closed, then a is a strong stationary element of NSIMOPVC.
Now, we formulate Lagrange-type dual problems related to NSIMOPVC. Furthermore, we deduce the
weak and strong duality relations that relate the primal problem NSIMOPVC and the corresponding

Lagrange dual problems.
Let us define the following single-valued scalarized dual map:

P(a,0) = min L(y, a, o),
yeF

where, the function £(y, «, 0) is the Lagrangian function associated to NSIMOPVC, as defined below:
Lly,o,0) =Y aifi(y) + > o7 Wuly) + > ol0;(y) = > (07 A;(y) — 07 B;(v)) ,
i€l teT JjeJg JES
m
where o € R is fixed with >_ o = 1,and o = (0¥, 0%, 04, 05) € ]R'Il x R? x RP x RP.

7=1
Let @ € F be any arbitrary feasible element of NSIMOPVC. Then the Lagrange-type dual model de-
pending on & (in short, LDP-(G, ) related to NSIMOPVC, is formulated in the following manner:

(LDP-(a, cv)) Maximize P(«,0),
subject to ol >0, VteT\La),
ot >0, Vj e Ri(a),
of >0, Vj € Re_(a) URo—(a),
of <0, Vj € Roy ().

Let Fp(a, «) denote the feasible set of the problem LDP-(a, «). Now, we formulate another Lagrange-
type dual model that does not explicitly depend on the feasible element & € F as follows:

(LDP-(c)) Maximize P(a, o),

subjectto o € Fp(a) = ﬂ Fpl(a),
acF

where the set Fp(a) # () is the feasible set of the problem LDP-(«).

Remark 3.7. From the above constructions of the feasible sets of LDP-(a, o) and LDP-(«x), it is obvious
that every feasible element of the problem LDP-(«) is automatically a feasible element of LDP-(d, «).
Moreover, LDP-(«) is independent of any particular choice of & € F. As a result, LDP-(«) serves as a
more preferable choice of dual model as compared to LDP-(a, «).

In the following theorem, we derive weak duality relation that relate NSIMOPVC and (LDP-(a, «)).

Theorem 3.8. Leta € F, 0 € Fp(a, ) be arbitrary feasible elements. Then the following inequality is
satisfied:

Pla,o) <> figi(a).
=1
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Proof. In light of the provided hypothesis, we have @ € F and 0 € Fp(a,a). As a result, it follows
that:

P(a,0) = mlnﬁy,aa Z()czfZ +Zat\11t —i—Zaeﬁ

yeF

i€l teT JET
5 (3.1)
=2 (7 Aw) — o B;w))
JjeS
As a € F, it follows that:
U (a) <0, VteT,
0i(a) =0, VieJ,
—A;(a) <0, VieS.
Further, it is given that o € Fp(a, ). Consequently, we have:
Y ol u@) =0, > ofAi@) = > oBB;i(a) =0,
teL(a) 1€Ro(a) Z€R+0( )URoo(a)
Ui(a) <O0andof >0, Vte T\L(a),
—Ai(a) <0and o >0, VieRy(a),
Bi(a) > 0and 0P <0, Vie Roy(a),
Bi(d) <0and 0P >0, Vie R, (a)URo_(a).
In view of the above expressions, one can infer that:
Zot‘l’\llt(y) + Z Ugeej(y) - Z (034/43‘(1/) - UfBj(y)) < 0. (3.2)
teT JjeJ JjEeS
In view of (3.1) and (3.2), it readily follows that:
P
Pla,o) <) aifia)
i=1
Thus the proof is complete. g

Remark 3.9. Theorem 3.8 extends Proposition 4.1 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.

In the following corollary, we derive weak duality relation that relate NSIMOPVC and (LDP).

Corollary 3.10. Leta € F, 0 € Fp(«) be arbitrary elements. Then the following inequality is satisfied.

P
0) <> aifi(a)
i=1
In the following theorem, we derive strong duality relation that relates NSIMOPVC and LDP-(a, ).

Theorem 3.11. Let a be a locally weakly Pareto efficient solution of the NSIMOPVC at which NSIMOPVC-
ACQ is satisfied. We suppose that the set U is closed at 4. Moreover, suppose that the following functions:

fiiel), W, (t € L*(a)),

0; (ieJ(a)), —0; (i€ J (a),

A (i€ R5u (@), — A; (i€ Rify (@) URG(a) URE (@)
Bi (i € RLy(a) URGy(a)),
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. ~ . ~ + . ~' _ ~ . .
be geodesic convex at G. Then, there exists some & € RY, with ) .. &; = 1, such that & is an optimal

solution of LDP(a, &) and
Z azfz = )

el

Proof. In view of Theorem 3.6, there exist @ € R'?, ¥ e o (a), 7 € R1, A € RP, 5B € Rp,
el € 0°fi(a), €F € 0°;(a), €0 € 9°0;(a). & € 9°A;(a), €F € 0°B;(a), satisfying:

0= @l +> e +> 50 - > Fht + Y 7,

jel teT jeg jes jes
=0, VjeR4(a), >0, VjeRp(@)URo(a),
(}‘f:(), VJER+()UR0+()URO()

EJBZO, Vj € Rio(a) URp(a), and zag—l

jel
From the provided hypothesis, we have that ¥ € o7 (a). As a result, we have the following:
50 (a)=0, VteT, and Y 57T (a)=0.
teT
On the other hand, it is clear that

U(a) <0, Vt € T\L(a).
This entails the following:
o, =0, Vvt € T\L(a),
o € Fp(a,a).
Similarly, from the feasibility conditions of NSIMOPVC, we have:
> &00i(a) =
ieJ

It can be easily noticed that:

OR, @ =0, Ai(a)=0, VieR(a)

Hence, we infer the following:
> GAA(a) =
€S
Proceeding in similar manner, we obtain:
> 5FBi(a) =
€S
Therefore, we arrive at the following:
Gt wa)+ > 6l0:(a) - Y 51 Aia) + Y 5P Bi(a)
teT i€J €S €S
This, in turn, concludes the following:

> aifila) = £(a,d,5). (3.3)

el
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In light of the geodesic convexity assumptions on the objective function and constraints, we obtain that
the following inequalities are satisfied for every a € F:

fila) = £5(a) 2 (& ez (@), Vi€l g eof(a),
( ) \I]t( ) <£t ,expa ( )>a vt € L+(d)7 gt\p € acqlt( )7
0j(a) = 0;(a) > (&), expz ' (a), Vi€ TT(a), & € 0°0;(a),
—0;(a) +0;(a) > (=&f,exp; (a)), Vi€ T (a), & € 9°0;(a), )
Aj(a) = Aj(a) = (&' ,expal (@),  Vie€Rg(a) &' € d°A;a),
B](a) BJ( ) 2 <€] 7expa a >a \V/] € R ( )UROO’ é-] € aCB (&)
—Aj(a) + 4;(@) = — (&' exp; a)) . Vi€ REL(@) URG(@) URG(a),
et e 0°A(a).
As a result, it follows that:
D G@ifila) +> 5 W)+ Y 500:(a) = > Ai(a) + Y FFBi(a)
iel teT eJ ieS €S
—(Zaifi )+ @) + Y 60a) - YT Aa) + 5B )
> (> agl +> Frg + >l
el teT eJ
=Y ¢t +> GFEE, exp;(a)) =0.
i€S i€S
Thus, we arrive at the the following inequality:
p T m
doaifi@) + ) ol ua) +> ol0ia) = > [0 A(a) + 0P B;(a)]
i=1 k=1 j=1 j=1
p T q m
<> a@fila)+ Y a7 Ua) + Y 590,(a) = Y [6F Aj(a + 5;8;(a)).
i=1 k=1 j=1 j=1
Thus, it follows that
L(a,a,0) < L(a,a,0), Va € F. (3.6)
Therefore, we get
P
=1
Again, by weak duality theorem, we get
P
P(a,0) <> aifila), Vo€ Fp(a). (3.8)
From (3.7) and (3.8), we get
Pla,o0) < Pla,o), Yo € Fpla). (3.9)
This completes the proof. 0

Remark 3.12. Theorem 3.11 extends Proposition 4.4 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.
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In the following definition, we recall the notion of saddle point of NSIMOPVC (see, for instance,

[21]).

Definition 3.13. Suppose that o € R be a fixed vector, satisfying
&1+&2+...+&m:1.

Leta € Fando € Fp(a,&). Then, (a,0) is referred to as a saddle point of NSIMOPVC if the following
inequalities are satisfied:
(i) L(a,a,0) < L(a,®,0),
(i) L(a, o, 0) a,a, o

L( ).

IA A

for every a € F and 0 € Fp(a,a).
In the following theorem, we derive a sufficient saddle point optimality condition for NSIMOPVC.

Theorem 3.14. Let G be a locally weakly Pareto efficient solution of the NSIMOPVC at which NSIMOPVC-
ACQ is satisfied. We suppose that the set U is closed at a. Moreover, suppose that the following functions:

fi(iel), U (t € L™ (a)),
0; (ieJ"(a)), —0; (i€ J (a),
Ai (z c 7%5+(a)> , A (z € RE (@) U R (a) ufzg_(a)) ,

B;i (i € REy(a) URy(a)),

be geodesic convex at . Then, there exist o € </ (a) x RY. x RP x RP, such that (a,7) is a saddle point
of NSIMOPVC.

Proof. In view of (3.6), we have:
L(a,a,0) < L(a,a,0), Ya € F. (3.10)

Moreover, for any o € Fp(a, o), we have:

=1
p T q m
> YA+ Yo @) + 3ol - 3 o4y a) + o @)
i=1 k=1 j=1 j=1

Thus we have:
L(a,a,0) < L(a,a,0), Yo € Fp(a, o).
This completes the proof.

4. VECTOR LAGRANGE-TYPE DUALITY AND SADDLE POINT OPTIMALITY FOR NSIMOPVC

In the present section, corresponding to the considered problem NSIMOPVC, we formulate the cor-
responding weak vector Lagrange-type dual model. Subsequently, we establish weak and strong duality
results that relate the primal-dual pair.

For any a € F, the corresponding vector Lagrangian of NSIMOPVC, denoted by £(a, o), is defined
as follows:

L(a,o0):= f(a)+ Zaf'\llt(a) + Z U?Gj(a) - 2034.,4]-(&) + Zafb’j(a) e,

teT jeJ JES JjES
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where o := (J‘I’, o?, o4, O’B) IS lel X RIxRP x RPand e := (1,...,1) € R™. Moreover, we denote
the set-valued weak dual map w" : R™ = R™ as:
W (o) = WRMWin {L(a,0) | ac F}.
+
The weak vector Lagrange-type dual model related to NSIMOPVC, depending on the choice of some
a € F, may be formulated in the following manner:

(DV(a)) R7T — WMax®" (o),
subject to a}lj >0, Vj € T\L(a),
o' <0, Vj € Rot(a),
071 >0, Vj € Ry_(a) URo—(a),
O']B >0, Vj € Ry(a).

The set of all feasible points of the problem DV(a) is signified by F(a). Now, we recall the notion
of weakly Pareto efficient solution of DV(a) (see, for instance, [21]).

Definition 4.1. Let@ € |J w"(0) be arbitrary. Then, @ is termed as a weakly Pareto efficient
c€Fi(a)
solution of DV(a), provided that:

— w
ac W%&X U " (o).
oc€Fi(a)

Equivalently, this implies that there does not existany @ € |J w'" (o), such that
c€Fi(a)

a < a.
In a similar manner as before, we now formulate the Lagrange-type dual model which is independent
on the choice of a feasible element of NSIMOPVC:

(DV) R7T — WMax w" (o),

subjectto o € F; := ﬂ Fi(a),
acF

where F; := () Fi(a) # 0 represents the feasible set of the problem DV'.
acF

In the following theorem, we establish weak duality relation NSIMOPVC and VD(a), where G € F.
Theorem 4.2. Let a € F be any feasible element of NSIMOPVC and let

z € U % (o).

ceFi(a)
Then, the following holds:
fla) A z.
Proof. Ttis giventhata € Fandz € |J ®" (o). Consequently, there exists some o € Fi(a), such

oeF1(a)
that z € ®V (o). As a result, we have the following:

f(a) + Zaf’\lft(&) + Z O‘?@j(&) + Zaf’Bj(&) - 2034.,4]'(&) e £ 2.

teT JjeJ JjeES jeS
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By reductio ad absurdum, let us assume that
f(a) < =z. (4.1)
From the feasibility conditions of NSIMOPVC, we have the following:
U (a) <0, VteT,
0j(a) =0, VjeUJ,
Aj(a) >0, Vjes.
Further, we have o € F1(a). Evidently, we arrive at the following:
3 ot u@) =0, Y of4a) = Y. dfBi@) =0,
teL(a) JER0(a) J€R+o( JURoo0(a)
U, (a) <0, of >0, Vt € T\L(a),
Bj(a) <0, 0 >0, Vj € Ry_(a) URo—(a),
Aj(a) <0, ot >0, Vj € Ro(a),
Bj(a) >0, of <0, Vj € Roy(a),

Hence for all j € I, it follows that:

Z oy YW, (a) + Z 069 )+ Z UBB Z O'AA (a) (4.2)

teT JjET JjES JES

Evidently, for all j € I, we have the following:

Zat U (a —i—Zae@ —|—ZUBB ZU'AA (a) | < fi(a).

teT JjeT JES JES

This implies that

+ (Do wa)+ > ol05(a) + > ofBi(a) = D o Aj(a) | e < f(a) (4.3)

teT JjET jES jES

In view of the above inequality, it follows that

Zag\lft(d)—FZa?H —i—ZUBB ZO’A.A ez,

teT jeT jES JjES

which is a contradiction. Thus the proof is complete. g

Remark 4.3. Theorem 4.2 extends Proposition 3.1 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.

Theorem 4.4. Let us assume that a € F and o € Fpy (4. Further, we suppose that
f(@) € " (@),

Then,z = f(a) is a weakly Pareto efficient element of DV(a). Furthermore, letG € F1. Then, a is a weakly
Pareto efficient solution of NSIMOPVC.

Proof. By reductio ad absurdum, we assume that Z = f(a) is not a weakly Pareto efficient element of
DV(a). Consequently, some & € F;(a) and z € w" (7) exist, such that

7= f(a) < = (4.4)
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In view of the facts that @ € F and ¢ € Fpy(4), we conclude:

<Zat\11t )+ > 7905(a) + > _FFBi(@)- Y 7 Aj(a)>e

teT €T jES JES

Evidently, we have:

Zat\llt +ZO’9 —i—ZUBB ZO’A.A a) | e<z.

teT JjeT JjES JES

This clearly results in a contradiction. Therefore, Z = f(a) is a weakly Pareto efficient solution of
DV(a).

Again, by reductio ad absurdum, we assume that @ is not a weakly Pareto efficient solutiuon of NSI-
MOPVC. As a result, we are guaranteed of the existence of some a € F, such that

f(a) < f(a). (4.5)

Continuing in similar manner as done in the proof of Theorem 4.2, one can derive the following:

> T U(a) + Y F0i(a) + Y T3 Bi(a) = > 7' Aj(a) | e <0

teT JjeT JES JjES

In light of the inequality (4.5), we have:

L(a,7) Z 7 U(a Z ZEJBBJ- (a) — ZE;‘A a

teT jeT JES JES
= f(a).

Hence, we conclude that a is a weakly Pareto efficient solution of NSIMOPVC. This completes the proof.
O

Remark 4.5. Theorem 3.11 extends Proposition 3.2 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.

In the following theorem, strong duality relation relating the primal problem NSIMOPVC and the
dual problem DV(@) is established in the Hadamard manifold framework.

Theorem 4.6. Let a be a locally weakly Pareto efficient solution of the NSIMOPVC at which NSIMOPVC-
ACQ is satisfied. We suppose that the set U, is closed at a. Moreover, suppose that the following functions:

fi(ie 1), U, (t € LT (a)),
0; (ieJt(a), —0; (i€ J (a),
A (i€ R5u (@), ~ A (i € RE(@) URG (@) URE (@)

B; (i € REy(a) URy(a)),

be geodesic convex at G. Then there exists & € F1(a), such that f(a) € w" (), and therefore, f(a) is a
weakly Pareto efficient solution of DV(a).

Proof. 1t is given that a € F is a locally weakly Pareto efficient solution of NSIMOPVC at which
NSIMOPVC-ACQ holds. Moreover, it is given that U/; is closed. Consequently, in view of Theorem
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3.6, there exist @ € RT, 7% € /(a), 7 € RY, 54 € R?, 5% € R, ¢] € 0°f;(a), ¥ € 0°F;(a),
0 € 0°0;(a), & € 0°Aj(a), €F € 9°B;(a), satisfying:

0=>"ael + Y aret + Y el - S et + > Fheb,

Jel teT jeJ JjES JjeES

7l =0, VjeRy(a), >0, Vje€Ro(a)uURo(a),
o7 =0, VjeRy (a)URoy(a)URo(a),
B >0

, Vj€Rio(a) URpo(a), and » a; =1.
jel

From the definition of the index sets, it clearly follows that:

S FUa)+ Y Fh0ia) + Y FEBi(a) - > 7 Aa) =

teT jeTJ jeS jES

As a result, we have the following:
fa) =L(a,0) (4.6)
We now claim that:
L(a,o) 4 L(a,o), VaeF (4.7)
By reductio ad absurdum, we suppose that (4.7) is not valid. Then, there exists some u € F, satisfying
(Z)j (u,0) < (Z)j (a,0), forall j € I.
Equivalently, for every j € I, we have the following:

th U (u +Za"0 —l—ZO'BB ZUAA

teT jeT JES JES

<fj(a Zat U, (a —i—Zaeﬁ —i—Za B;( ZUAA

teT jeT JES JES

Let us now multiply both sides of the above inequalities with @; and add them. In view of the fact that
aeRTand ), ;a; =1, we have:

oaifi@) + Y F @) + a0 @) + Y FEBi(E) — Y 7A@

jel teT JjeET JjES jES

Zajfj +Zot Uy (a —1—2090 —I—ZJBB ZO’AA < 0.

jel teT JjET jES JjES

(4.8)
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In light of the geodesic convexity assumptions on the objective function and constraints, we obtain that
the following inequalities are satisfied for every a € F:

1@ = @) = epi @), Vil & e fia),
V() — V(@) > (& expy (@),  Vte LT(a), & € 0°Uy(a),
0;(w) —0;(a) = (€], exp; ' (@), vj e JH(a), & € 0°0;(a),
—0;(@) +6;(a) > (~&f,exp; (@), Vi€ T (a), & € 0°;(a), 49)
Ai@) — Ajla) = (64 expr (@), Vj € Ry (@), €4 € 0°A,(a),
Bj(u) — Bj(a) = <§§379XP5:1(5)> 5 Vj € Riy(a) URG, f]B € 0°Bj(a),
—A; (@) + Aj(a) > — (&t expy '(@), V)€ R, (a) URY (@) URG(a),
¢t e 0°A;(a).
As a result, it follows that:
Z@z‘fz‘ +ZUt Wy (u +ZU€9 ZU Ai@)‘f‘Z&zBBz‘(a)
iel teT ieJ €S i€S
—<Za,~fi +ZO’t \I/t +ZO’09 ZU AZ(CAL)—FZO'?BZ(CAL))
iel teT €eJ ieS €S
> (Y gl + D aler + ) ol =Y o't + ) ol ey (@),
iel teT eJ i€S €S
In view of the above inequality and (4.8), we arrive at a contradiction. Therefore, we have the following:
f(a) = L(a,5) € " () = WMings {L(a,) | a € F} (4.10)
In view of Theorem 4.4, we infer that f(a) is a weakly Pareto efficient solution of DV(a). Thus, the
proof is complete. 0

Remark 4.7. Theorem 4.6 extends Proposition 3.3 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.

In the following definition, we introduce the notion of weak vector saddle point for the weak vector
Lagrangian function of NSIMOPVC in the Hadamard manifold framework.

Definition 4.8. Let us suppose that a € 7 and ¢ € F1(a). Then, (@, 5) is referred to as a weak saddle
point for the function £, provided that:

L(a,5) £ L(a,6) £ L(a,0), Va e F, Yo € Fi(a).

Remark 4.9. Definition 4.8 extends Definition 3.9 presented by Tung et al. [21] from Euclidean space
framework to the setting of Hadamard manifolds, and moreover, generalizes it for a more general class
of optimization problems.

Theorem 4.10. Let us assume that every hypothesis stated in Theorem 4.6 is satisfied. Further, let us
assume that a is a weakly efficient solution of NSIMOPVC. Then, there exists some ¢ € F1(a) such that
(G, ) is a weak saddle point of L.

(ii) If (4, &) € F x Fi(a) is a weak saddle point of L, then f(a) € ®WV (&), where G and f(a) are weakly
efficient solutions to the primal (P) and the dual (\WV Dp,(a)), resp.

Proof. (i) In light of the conclusions of Theorem 4.6, we infer that there exists some ¢ € F1(a), such
that

f(a) = L(a,5). (4.11)
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Moreover, the following inequality holds true:
L(a,5) 4 L(a,5), Va€ F.
It suffices to prove that the following holds true:
L(a,5) £ L(a,0), Yo e Fi(a).
By reductio ad absurdum, we assume that there exists some o € F1(a), such that
L(a,o) < L(a,0).
In light of (4.11), it follows that:

f(a) < f(a) + (Za A)+Zaf0i ZO’A.A +ZO‘BB )

teT ieJ i€S 1€S

Hence, for every Vi € I, we have the following:

fi@) < fila <Za§“\yt )+ ol0i(a) =D ofAi@) + > oPBi(a) )

teT eJ €S €S
Evidently, we have the following:
> ol wya)+ > ol0i(a) =Y ot Ai(a) + D oPBia (4.12)
teT ieJ €S i€S
However, from the feasibility conditions, it readily follows that:
ot wa)+ > olti(a) - ot Ai@) + > oPBia
teT ieJ €S i€S
Evidently, this a contradiction to (4.12). Thus we have:

L(a,5) 4 L(a,0), Vo€ Fi(a),

This completes the proof.

(ii) From the given hypothesis, we have that (4,5) € F x Fi(a) be a weak saddle point of £. Conse-
quently, the following holds:

L(a,5) £ L(a,0), Vo€ Fi(a).

Equivalently, we have the following:

<Zot Wy(a) + Y al0:(a) = Y o' Ai(a) + ) o) Bi(d)>e

teT €T €S €S
(Zat W)+ 3 ot,@) - Y ot Aa) + 3 BB (@ )
teT e €S €S

By putting ¢ = 0 in the above expression, we arrive at the following:

(ZJE’\I’t JFZO'QQ ZO’AA +ZUBB )e%f(d).

teT eJ 1€S i€S
Continuing along similar lines as in the proof of Theorem 4.2, we have:

> ol Wia)+ Y al0i(a) - Y o Aia) + ) oPBi(a

teT €T €S €S
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Let us now consider the case:
Z oy Wy(a) + Z 520;(a Z i Ai(a Z Bi(a) < 0.
teT i€J €S iES

In such a scenario, we have:

(Zat Uy (a —1—2000 ZU'AA —i—ZJBB )e%f(d).

teT ieJ €S €S

Clearly, this is a contradiction to 4. As a result, we have:

S ol wia) + Yo%) - Y aA A (@) + 3 #8Bi(a) = 0.

teT ieJ i€S €S
Hence, it follows that:

L(a,o) = f(a).
On the other hand, since (a, &) is a weak saddle point of L, we have that:
L(a,5) # L(a,5), VYae€F
Hence, we arrive at the following:
f(a) =L(a,0) € WhMin {L(a,5)|a€ F}=uw"(5).
+

In light of Theorem 4.4, it follows that f(a) is a weak Pareto efficient solution of DV(a). Thus the proof
is complete. 0

Remark 4.11. Theorem 4.10 extends Proposition 3.10 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.

Theorem 4.12. Let G € F be strong stationary element of NSIMOPVC for some & € R and ), & =
1. Moreover, suppose that the following functions:

Jitie), W, (1€ LF(a)),
0; (ieJ"(a)), -0 (i€ J (a),
A (i€ R5u (@), — A; (i€ Rify (@) URG(a) URE(@))

B; (i € Riy(a) URG(a))

be geodesic convex at G. Then there exists & € o(a) x R? x RP x RP, such that (a,7) is a weak saddle
point of L.

Proof. To begin with, we claim that the following inequality is satisfied:
L(a,5) 4 L(a,5), YacF.
By reductio ad absurdum, we assume that there exists some w € F, such that
L(w,5) < L(a,7).
As a result, we have:

(Z GO (@) + Y al0,(W) — Y o Ai(m) + Za?zsi(w)> e
€S i

teT ieJ

(Z ol U(a) + > ai0i(a) — > o Ai(a) + Zﬁ@(a)) e.

teT €T €S €S
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Therefore, for every i € I, we have:

+Zat Uy (w —1—200 Za A (w +ZO’BB

teT €J €S 1€S
< B@ 1 Y e + Y 6@ - Y A + Y 5B @)
teT i€J €S 1€S

We recall that & € R and ) ;. ; @; = 1. Let us now multiply both sides of the above inequalities with
@; and subsequently, add them up. Hence, we have:

Zdifi +Zat U (w +2099 ZO’ A (w +Za B;(w

el teT i€J €S 1€S
—<Zaifi(&)+Zaf’\Ilt(&)+Zai99i =Yt Ai@) +> aPBia )
el teT ieJ €S 1€S

Continuing along similar lines as in the proof of Theorem 4.6, we arrive at a contradiction. Hence, we
have:

L(a,5) 4 L(a,5), YaeF.
Now, we claim that the following holds:
L(a,5) 4 L(a,o0),Yo € Fi(a).
By reductio ad absurdum, we assume that there exists o € F1(a), such that:
L(a,5) < L(a,o).

Then, we have the following:

(Zat Uy(a)+ Y al0i(a)— Y o7 A(d)—kZa?B’i(d))e

teT ieJ €S 1€S
a) + (Z ol Uy (a) + Zaf@(d) — ZO’{“AZ‘(CAL) + ZoiBBi(d)> e
teT i€J i€S €S

Moreover, a is a strong stationary element of NSIMOPVC. Hence, we have:
S ua) + Y al0e) - Y A+ Y G)
teT ieJ €S iES

Evidently, one has:

S @)+ Yot - Yt ) + Y o
teT ieJ i€S €S

In view of the facts that @ € F and o € F1(a), we get:

S 0¥ wa) + 3 o%ia) — Y of @) + 3 o8 Bia)
teT ieJ i€ES i€ES

which is a contradiction to (4). Hence, it is established that (a,7) is a weak saddle point of £. This
completes the proof.
U

Remark 4.13. Theorem 4.10 extends Proposition 3.11 established by Tung et al. [21] from the setting of
Euclidean space to the framework of a more general space, namely, Hadamard manifolds.
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Example 4.14. Consider the Hadamard manifold .# C R? defined by
M= {2 = (21,22) ER?*: 21,2 > 0}.
Then .# is a Hadamard manifold (see, [24]). At any Z € .#, we have
Ts M =R>.
The corresponding metric on ./ is given by
(w1, wa)z = (4 (2w, wa),

wi,wy € Tz, where,

The inverse of the exponential function exp; : Ts.# — .# for any v € T;.# is given by

1 b2

exp;(v) = (2171, Z2e%2), Vv = (v1,v2) € A.

Consider the following problem (P2) which is an (NSIMOPVC):

(P2) Minimize (y) = (®1(y), a(y)) = (1], log10),
subject to Wi(y) :=t(2—Iny; —Inys) <0, te€N,
M(y) :=Iny; —1 >0,
N(y) M(y) = (e —y2)(Inys — 1) <0,

where, ®; : 4 - R @G =1,2), Y : M4 - Rt eN), M:. 4 — Rand N : .# — R. The feasible
set F' for the problem is

F={ye M y1>e y2>e}

om, nso rwe={ (00}
aC®1(y) = CO{(:‘/%’O)T7 (_y%7O)T}7 ify1 =0,
(ot <o oeme = {(4) ]

min={(2)} {5}

—Y2

Let y* = (e, e) € F. We have the following:

We observe that (NMSIPVC-ACQ) holds at y*. Moreover, we can verify the fact that y* is a weak Pareto
efficient solution of (P2). Let us choose multipliers as a; = % g = % of =0(teN), oM =35,0 N =
L. Then for € = (2,07 € 0°@1(y"), & = (0,0) € D°a(y), & = (—te,~te)T € W, (y)

(t € N), M = (e,0)7 € O°M(y*), &V = (0, —e2)T € d°N(y*), we have the following:

P P s T
€l +off + 30! — oMM + NN = (0,0)7.
teN
It can be verified that the objective function and constraints are geodesic convex at y*. Hence all the as-

sumptions and conclusions of Theorem 5 holds true. Thus (y*, o) is a saddle point for the corresponding
Lagrangian function.
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5. CONCLUSIONS

In this article, we have studied a class of NSIMOPVC on Hadamard manifolds. We have introduced
the scalarized Lagrange-type dual problem and the vector Lagrange-type dual problem related to NSI-
MOPVC, in the framework of Hadamard manifolds. We have derived weak and strong duality theorems
relating NSIMOPVC and the corresponding dual problems under suitable geodesic convexity assump-
tions. Moreover, we have established saddle point optimality conditions for NSIMOPVC in the setting
of Hadamard manifolds. Several non-trivial numerical examples have been provided to demonstrate
the significance of the derived results.

The results derived in this paper generalize, extend and unify several notable results existing in
the literature. For instance, the results derived in the paper extend the corresponding results derived
by Tung et al. [21] from Euclidean space setting to the framework of Hadamard manifold, as well as
generalize them for a more general class of optimization problems.

The results presented in this article unfold several avenues for future research. For instance, it would
be an interesting research problem to derive saddle point optimality criteria and duality results for
NSIMOPVC by employing Mordukhovich limiting subdifferentials on Riemannian manifolds.
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