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ABSTRACT. In this paper, we present a double inertial extragradient algorithm with self-adaptive stepsizes
for finding a common solution of a pseudomonotone variational inequality and a fixed point problem
with a quasi-nonexpansive mapping in Hilbert spaces. The self-adaptive stepsize rule allows the step-
sizes to increase and converge, which may accelerate the convergence of the algorithm. We establish
strong convergence theorems under some modern conditions. Some numerical experiments illustrate the
performances and advantages of our proposed algorithm.
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1. INTRODUCTION

Let H be a real Hilbert space with the inner product (-, -) and the induced norm || - ||. Let C C H be
a nonempty closed convex subset. Let A : H — H be a nonlinear operator. The variational inequality
problem is to find * € C such that

(Ax*,x —2*) >0, Vz € C. (1.1)

Let VI(C, A) denote the solution set of problem (1.1).

Variational inequalities have received much attention due to their applications including economics,
transportation, nonlinear equations, and optimal control problems; see, for example [1, 7, 17, 18]. Sev-
eral iterative algorithms have been presented to solve problem (1.1); see, for example [2, 3, 4, 11, 13, 16,
21, 23, 24, 25, 26, 29, 31, 33, 34, 35, 43, 45].

Another important tropic is fixed point problems. Let 7' : H — H be a nonlinear operator. A point
x € H is called a fixed point of 7" if T'(x) = x. Denoted by F'iz(T’) the set of fixed points of 7". The
purpose of this paper is finding a point z € C' such that:

€ VI(C, A) N Fiz(T). (1.2)

There are many numerical algorithms have been proposed for finding a solution of problem (1.2); see,
for example [5, 8, 15, 20, 28, 30, 32, 36, 38, 39, 40, 42, 46].
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It is well known that the inertial-type algorithm has been investigated because it can speed up the
convergence of the algorithm; see, “for example”. Singh and Chandok et al. [36] proposed the following
Mann-type inertial extragradient algorithms:

Wy = T + O‘(l‘n - xn—l)y
Up = T + ﬂn(‘rn - $n—1)7
Yn = PC(un - AnAun)a
Tpt1 = (1 — yn)wn + ¥ T 2n, (1.3)
Zn = Yn — M (Ayn — Auy),
s — { min{ szl X} i Afyn) — A(ya) #0,
An + Pn, otherwise.

They proved that the sequence {z,, } generated by (1.3) converges weakly to an element of VI(C, A) N
Fiz(T) when A is pseudomonotone and L-Lipschitz continuous, and 7" is quasinonexpansive.

Recently, Li and Xie [19] proposed a double inertial subgradient extragradient algorithm with self-
adaptive stepsize for solving problem (1.2) as follows:

Wy = Ty, + Ty, — Tn—1),

Up = Ty + B(:En - l‘nfl)a

Yn = PC(Un - AnA(un))a

tn = Pr,(un — TAnA(Yn)),

T :={x € H : (up — \MoF(up) — Yn, T — yn) < 0}, (14)
Tn+l1 = (1 - ’Yn)wn + ’YnT(tn)v

min{ gl ST Xt pud, i (A(un) = Ayt — 9a) > 0.

An + Pns otherwise,

)\n—l—l =

where A is pseudomonotone and L-Lipschitz continuous, and 7" is quasinonexpansive. They proved
that the sequence {x,,} generated by (1.4) converges weakly to an element of VI(C, A) N Fiz(T). In
addition, they also derived a strong convergence theorem by replacing pseudomontone with strongly
pseudomonotone mappings.

Motivated and inspired by the above works, we present a double inertial Tseng extragradient algo-
rithm with self-adaptive step size for solving problem (1.2). Under some suitable conditions, we prove
a strong convergence theorem for the proposed algorithm. Numerical experiments illustrate the per-
formances and advantages of the proposed algorithm.

2. PRELIMINARIES

Let H be areal Hilbert space and C' C H be anonempty closed convex subset. The weak convergence
and strong convergence of {x,,} to = are denoted by x,, — x and x,, — z, respectively, as n — oco. Let
N denote the set of positive integers.

The metric projection Po : H — C'is defined by Po(z) = argmin{||z —z| : 2 € C}, Vo € H. It
is easy to see that P¢ is nonexpansive.

Lemma 2.1. [9] Letx € H and z € C. Then
z=FPo(r) e (z—22—y)>0,VyeC.
Lemma 2.2. Foreachx,y € H and o € R, we have
lz +ylI? <llz ]| + 2(y, = +y),
lz +yl* =lll® + Iyl + 2(z, ),
laz + (1 — a)yl* =allz|* + (1 — a)ylI* — a(l — a)[lz — y||*.
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Definition 2.3. Let F': H — H be a mapping. F' is said to be L-Lipschitz continuous with L > 0 if
|F(x) = F(y)ll < Lllz — yll, Va,y € H.

If L = 1, then F is called a nonexpansive mapping. If L € (0, 1), then F'is called a contractive mapping.
Definition 2.4. Let F' : H — H be a mapping with Fix(F') # (.

(a) F is said to be quasi-nonexpansive if

1E(z) = pll < llz = pl, Vo € H, ¥Vp € Fiz(F).
(b) I — F is said to be demiclosed at zero if for any {z,,} in H, the following implication holds:
xn =2 and ([ —F)(x,) = 0=z € Fiz(T).

Definition 2.5. A mapping F': H — H is said to be
(a) monotone if (F(z) — F(y),x —y) > 0, Va,y € H.
(b) pseudomonotone if (F(z),y —x) > 0= (F(y),y —x) >0, Vz,y € H.

Remark 2.6. Clearly, (a) = (b). But the converse is not true in general.

Lemma 2.7. [44] Let {a,} be a sequence of nonnegative real numbers such that
Ap+41 < (1 - ﬁn)an + ﬁnbnavn > 07

where {,,} is a sequence in (0,1) and {b,} is a sequence in R such that: (i) > 0" fn = oo; (ii)

limsup b, < 0. Then lim a, = 0.
n—00 n—00

Lemma 2.8. [22] Let {a,} be a sequence of non-negative real numbers such that there exists a subsequence
{an,} of {an} such that a,,, < ay,+1 foralli € N. Then there exists a nondecreasing sequence {my,} of N

such thatklim my, = 0o and the following properties are satisfied by all (sufficiently large) number k € N:
— 00

Uy, < 41 and  ap < Qpyy41-
In fact, my, is the largest integer n in the set {1,2, ..., k} such that a, < an1.
Lemma 2.9. [6] Let A : C' — H be pseudomonotone and continuous. Then z* € VI(C, A) if and only if
(Az,x —x*) >0, Vo € C.

We consider the following assumptions:

(C1) VI(C, A) N Fiz(T) # 0.

(C2) A: H — H is L-Lipschizt continuous on H, where L may be unknown.
(C3) A: H — H is pseudomonotone and satisfies the following property:

{zn} CC, zp — 2= [|Az| < lirginf || Az || (2.1)

(C4) f : H — H is d-contraction with § € [0,1),and T : H — H is a quasi-nonexpansive mapping
such that I — T is demiclosed at zero.

3. MAIN RESULTS

In this section, we present a new adaptive algorithm with double inertial steps for solving problem
(1.2) and analyze the convergence of the proposed algorithm.
The algorithm proposed in this paper is as follows:
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Algorithm 1:
Step 1. Given \g > 0,0 < 11 < 1np < 0 < 1, {£,} is a sequence of positive real numbers with
0 & < +oo. Let ay, € [0, 1], By € [0,1], v, € [0,1] and 6, € [0, 1]. Let xg, 21 € H be
arbitrary.
Step 2. Compute

Wpn, = T, + O (Ty, — Tp—1),

Up, = Tp + Bn(Tn — Tn_1).
Step 3. Compute

Yn = Po(un — AnAun),
Step 4. Compute
Tn+1 = Onf(wn) + (1 = 0n)[1nT2n + (1 = Yn)zn);
where z,, = Y, — A\ (Ayn — Auy,).

Step 5. Update A\, 1.
M l[yn — unl]
[ Ayn — Aun||’
Set n := n + 1 and return to Step 1.

Antl = if || Ay, — Auyl| > ;LOHZ/,L — up|; else A1 := (1 + &) M. (3.1)

Remark 3.1. (a) We use a double inertial technique and a self-adaptive stepsize rule which allows the
stepsize to increase and converge in Algorithm 1, which will accelerate the convergence of our algo-
rithm.

(b) Condition (2.1) is strictly weaker than the sequentially weakly continuous assumption used in
[10, 32]

(c) The information of the Lipschitz constant of A is not necessary to be known in Algorithm 1.

Lemma 3.2. [12, Lemma 3.2] Let A : H — H be L-Lipschizt continuous and { A, } be generated by (3.1)
in Algorithm 3.1. Then
() Ap > X :=min{®, \o}, Vn > 1;

(ii) {\n} is convergent;

(iii) there exists N € IN such that Ap41 > A,V > N.
Lemma 3.3. Assume that (C1)-(C3) hold. Let {uy,} and {y,} be the sequences generated by Algorithm
3.1. If there exists a subsequence {uy, } of {u,} such thatu,, — z € H and klim |tn, — Yn, |l =0, then

—00
z € VI(C, A).
Proof. Let u,, — z and klim |tun, — yn, || = 0. Since {y,} C C and C'is a closed set, z € C. By the
— 00
definition of vy, ,
(Uny — Anp Al — Yng, @ — Yn,,) < 0,V € C,

or equivalently

1
)\7<unk — Ynp, T — ynk> + <Aunkaynk - unk> < <Aunka T — unk>,V£L' eC. (3.2)
ng
From Lemma 3.1, we have likm inf A, > 0. It follows from w,, — z that {u,, } is bounded. Since A
—00
is Lipschitz continuous on H, { Auy, } is bounded. Note that klim |tn, — Yn, || = 0, we have {yp, } is
—00

also bounded. In (3.2), let kK — oo, we have

lim inf(Auy, , x — up,) > 0. (3.3)

k—o0
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Observe that

According to the Lipschitz continuity of A and klim |tn, — Yn, || = 0, we obtain { Ay, } is bounded
—00

and

lim ||Aup, — Ayy, || = 0.
k—o0

Combining (3.3) and (3.4), we find that
lim inf(Ayy, , * — yn,) > 0.

k—oo

To prove z € VI(C, A), we choose a positive decreasing sequence {cj} with e, — 0. For each k,
we denote by N the smallest positive integer such that

<Aynj,x_ynj> + e >0,V > Ng.

Since {yn, } C C, we may suppose that Ayy, # 0, for each k (otherwise, yy, is a solution). Let
YNy,

HAy 2> it fOHOWS that <AyNk, de> = 1. T}lus
N,

dn, =

(Ayn,, = + erdn,, —yn,) = (Ayn,, © — yn,) + (Ayn, exdn, ) = (Ayn,, = — yn,) +ex > 0.
By the pseudomonotonicity of A, we have
(A(z + erdn,), © + erdn, — yn,,) > 0.
This implies that
(Az,z —yn,) > (Ax — A(x + erdn,), ¢ + exdn, — YN,,) — €x(Az,dn, ). (3.5)
Next, we prove that hm sdek = 0. From u,, — z and ||up, — Yn, || — 0, we obtain y,, — z as
k — 0o. We may suppose Az # 0 (otherwise, z is a solution). Due to (2.1), we have

0 < ||Az|| < liminf || Ay, ||-
k—o0

From {yn, } C {yn,} and e, — 0 as k — oo, we obtain

limsup ey,
k— o0
— O7

)< !
o] tim inf || Ay |

0 < limsup |lepdn, || = hm sup(
k—o0

It follows that klim erdn, = 0. Letting £k — 0o, we get the right hand side of (3.5) tends to 0 because
—00
A is Lipschitz continuous, {yx, } and {d, } are bounded and klim erdn, = 0. Thus we obtain
— 00
liminf(Az, z — yn,) > 0.
k—o0

This implies that
(Az,z — z) = lim (Az,x —yn,) = likminf<A1:,x —yn,) > 0,Vz € C,
—00

k—00

This implies z € VI(C, A) by Lemma 2.5. The proof is completed. O

Lemma 3.4. Let {x,,} be the sequence generated by Algorithm 3.1. Assume that (C1)-(C4) hold and the
following conditions are satisfied: lim 0, =0, 72, 0, = 00, lim G2||zp —2n_1]| =0, hm 9” || —
n—oo n—oo

ZTn—1|| = 0 and linrgior.}f (1 —n) > 0. Then {x,,} is bounded.
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Proof. Let p € VI(C, A) N Fiz(T). From the definition of {z, }, we have

Iz = PI* = llyn — An(Ayn — Aun) — p|?
= llyn — pI* + A2l Ayn — Aun|l* = 200 (yn — p, Ayn — Auy)
= [lyn — unl® + llun — % + 2{yn — tin, tn — p) + A2 || Ay — Au||?
— 2\ (Yn — p, Aypn — Auy,)
= lgn — unl® + llttn = PI* = 2(yn — ttn, Yo — Un) + 2(Yn — Un, Yn — )
+ /\%HAyn - AunH2 = 2X0 (Yn — P, Ayn — Aup)
= [lun = P> = llyn — unll® + 2(yn — tn + Ao Atin, yn — )
+ Aol Ay — Aug||? = 220 (Ayn, yn — p)-

65

(3.6)

Duetop € VI(C, A), we have (Ap,y—p) > 0,Vy € C. By the pseudomonotonicity of A, (Ay, y—p) >

0. Using the fact {y,} C C, we get
From Lemma 2.1 and y,, = Po(u, — A\ Auy,), we have
<yn — Up + )\nAuna Yn — p> <0.

Note that ZZOZO &, converges and 0 < 71 < ng < o < 1. Then there exists N1 € IN such that

&< 1, ¥n> N,
Mo

,then A\, 11 = mw. It follows that

If | Ayp, — Aun| > %Hyn — Un TAys —Aun]|

)\n)\n 1 >\n
Al Ay — Aug || = =252 Ay, — Aug|| = +1mHAyn—fmnH

n+1 )\n
< Mllyn — unll < ollyn — unll.

If || Ayn — Auy | < ;\%Hyn — Un

, then for all n > N7, we have

AnAn An
)\nHAy" B Au”” = L HAyn - Aun” = )\7(1 + gn)AnHAyn - AunH
n+l n+1
< 2 :1 I+ &)nollyn — unll < (X +&)n0llyn — unll < ollyn — unl|-

Using (3.6)-(3.8), we have

120 = 2II* < llun = plI* = lyn — unll® + A2 A(yn) — Alun)|?
<l = pI* = lyn = wnll® + 0®|lyn — unl®

= [un = plI* = (1 = *)lyn — uall?,

which implies that ||z, — p|| < ||un — p||.

(3.7)

(3.8)

(3.9)
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Let t,, := v, Tzp + (1 — v, )2p. Using Lemma 2.2, the quasi-nonexpansiveness of 7" and (3.9), we
obtain

ltn = pII* = T 20 + (1 = Yn)2n — p|I?
= 1y(Tzn —p) + (1 = 70) (20 —D)|I”
= 3l Tz = oI + (1 = y)llz0 = 21 = (1 = )20 — Tnll?
< llzn = Pl + (1 = )llz0 — 21 = (L = )20 — T2n]?
= 20 = ol = (1 = )ll2n = Tza|
< lun = pl1? = (1 = o)y — wnll* =10 (L = ) 120 — Tnll?, (3.10)
which implies ||, — p|| < ||lun — |-
On the other hand, from w,, = z,, + o, (x,, — T,—1), we have
|[wn = pll = [|zn — P+ an(@n — 2p-1)|

< Hfl’n _pH + aonn - xn—lH

a
= llon ~ Pl + 00 - Sz — 0
n
Since nll—>Hc;lo g2 llzn — xp_1]| = 0, there exists My > 0 such that §2 |z, — zn—1| < Mo,Vn > 1. It
follows that
lwn = pll < l|l2n — pl| + 65 M. (3.11)

Similarly, there exists M; > 0 such that %H:pn — Tp_1]| < M;,¥n > 1, and so

|wn — p|| < ||zn — p|| + 6, M. (3.12)
Combining (3.11) and (3.12), we see that

[Zn41 = pll = 10nf (wn) + (1 = On)t, — 1|
= [0n(f(wn) —p) + (1 = 0n)(tn — D)l
< Ol f(wn) = fFP)I + (1 = 0n)lItn — Il + 0nl f(p) — pll
< Ondllwn — pll + (1 = On)lItn — pll + Onll f(p) — pl|
< Ond|ln — pll + 056 Mo + (1= )|z — pll + (1 = 6,)00 My + 0,1 f (p) — |
< Ondlzn — pll + 6nMo + (1 — 0p)||lzn — pl| + 6n My + 0, f(p) — p|

Mo+ M,y + || (p) — pll
1-90

= (1 - 0n<1 - 5))“5571 _pH + Hn(l - 5)

Mo + My + 1 /(p) = pll,
1-90
Mo + My + || f(p) —p||}
1-¢ '
Therefore, {x,,} is bounded, and so {u,}, {w,}, {2z}, {f(wy)}, and {t,} are all bounded. The proof
is completed. O

< max{l|z, —pl,

< -+ <max{]|lzo — pll;

Theorem 3.5. Let {x,,} be the sequence generated by Algorithm 3.1. Assume that (C1)-(C4) hold and the

following conditions are satisfied: nh_)ng@ 0, =0,> "6, =00, nh_)ng@ e llzn—2n_1l =0, nh_}nolo o [

ZTp—1]| = 0 and lirginf (1 —v,) > 0. Then {x,,} converges strongly to an element p € VI(C, A) N
n—oo

Fiz(T), ie.,

x, — pl||? converges to zero, where p = Pyic,aynrizm) f (D)
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Proof. The proof of the theorem is divided into the following three steps.
Step 1: From the definition of {x,,} and Lemma 2.2, we have

lzns1 = pl* = 160 f (wn) + (1 = On)tn — p|?
= Onll(f(wn) = D)I* + (1 = 0)[[(tn — D) I* = 0 (1 = Bu) | (f (wn) — ta)|°
< Ol f(wn) = f(p) + f(p) = pII* + (1= 0n) 1t — 2]
< On ([l f(wn) = FOIP +2(f () = p, f(wn) = p)] + (1 = )|t — pI?
< 0 [0%lwn — plI* + 2 f(p) = Pl f (wn) = plI] + (1 = On)l[tn — pII?
< Onllwn = plI* + (1= 00)[ltn — plI* + 20,11 £ (p) — pIII| f (wn) — pl|
< Onllwn = pl* + (1 = 0n) [ tn — plI* + 0, Mo,
where My = sup,1 (211/(p) — pllIf (1) — pl)). By (3.10), we have
[Znr1 = pII* <Onllwn — pl* + 6.0y
+ (1= 8) [lun = ol = (1 = 0|y — unll® = (1 = )ll20 — Tza?]
=0y [|wn, _pH2 + (1= 0n)lun _pH2 + 0 My — (1 —0,)(1 — UQ)Hyn - UnH2
— (1= 0n)3(1 = )20 — Tnl|.
Using (3.11), we get
lwn = plI* < (2 — Pl + 6nMo)?
= ||lzn = plI* + 0,(2Mo||2n, — pl| + 6, M)
< ln =l + 6, Ms,
where M3 = sup,,>1 (2My||zn — p|| + M¢). Similarly, from (3.12), we obtain
lun = pl* < (2 — pl| + 6041)
= [lzn = plI* + 0 (2M |z — p| + 6, M7)
<l = pl* + 6, My,
where My = sup,,>;(2M1||z, — p|| + M7). It follows that
2041 = pII* < On[llen — plI* + 00 Ms] + (1 = 0n) [l — pl|* + 00 M4]
+ 0, Mo — (1= 600)(1 = 02)lyn — unl* = (1 = 62) 70 (1 = W)llz0 — Tza?
< N =l = (1= 82)(1 = 0% lgn — wall® = (1 = )31 — 7012 — T2 + 0 M,
where M5 = My + Mg + M. Therefore,
(1= 0,)(1 = 0®)lyn — unl® + (1 = 0n) (L = 1) 120 — T2 ?
< |lzn — plI* = [|Zns1 — pl|* + 0nMs. (3.13)
Step 2: From w,, = =, + (T — Tp—1), we have
lwn = pl* = [|lzn + an(zn — z0-1) = plf?
< |lzn — pl|* + 2an(@n — Tp_1,wn — p)
< llen = plI? + 20|z — zp-1l[|wn — pl]
< e = plI* + anllzn — 201 M,
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where Mg = Supnzl(QHwn —pl)- By ||tn — p|| < ||un — p||, we have
It = plI* < un — plI?
= || + Bn(Tn — Tn-1) — pH2
< |lzn — plI* + 2B {20 — Tn—1, tn — p)
<l = plI* + 2Bnllzn — @1l [lun — pl|
< l&n = pl1? + Ballwn — zp—1]| M,
where M7 = sup,,>1(2||uy, — p||). Therefore
|Znr1 = pI* = (100 (wn) + (1 = On)ty, — p|*
= [0 (f (wn) = f(p)) + (1 = 02)(tn — D) + Ou(f(p) — D)|I?
<6 (f (wn) = £(0)) + (1 = 62) (tn = D)II* + 20 (f (D) — D, Zp41 — )
< 0,82 [wn — plI* + (1 = ) [tn — plI* + 26, (f(p) = P, Tns1 — p)
< 0n6([|zn — p||2 + an|lzn — zn-1]|Ms) + (1 — 0)([|zn _pH2 + Bullzn — zn-1l|Mr7)
+200(f(p) = P, Tns1 —p)
< 0|z _pH2 + anl|@n — Tn-1[|Me + (1 — 0p)[|zn _pH2 + Bullzn — -1l Mz
+20,(f(p) — P, Tns1 —p)

= (1= 0n(1 = 8)lzn — pl* +0,(1 =)

2
+ 15 fP) =Pz — ] (3.14)
Step 3: We discuss the following two cases.
Case 1. If there exists Ny € N such that for all n > No,

p||? exists. By the definitions of {c, }, {3, } and (3.13),

~—

Zn1—pl* < llzn —pl|*, then lim ||z, —
n—oo

lim ||u, —ynl =0, (3.15)
n—o0
lim ||z, — Tz,|| =0,
n—oo
. - B -
lim ||z, — up|| = lim B,|z, — zp_1] = lim 6, - = ||z, — 21| = 0. (3.16)
n—o0 n— o0 n—00 0

n
Due to the prove of Lemma 3.4, we have that ||y, — z,, || = \u||Ayn — Auy|| < o||yn — up||. From (3.15),
we obtain

Jim [ly, — 2, = 0.
It follows that
lim ||z, — upl| = lm [|lzn = yn + yn — unl| < lim ||z, = ynll + Lm |y, — unl| = 0.
n— 00 n—o00 n—00 n— 00
This together with (3.16) yields
lim ||z, — z,| = 0.
n—oo

Note that
HfEn+1 - an < ||9nf(wn) - enth + ”’YnTZn + (1 - ’Yn)zn - xn”
= On | f(wn) = tall + |7 (T2n — 2n) + (20 — 20)||
S On(l[f(wn) = pll + Itn = pll) + VllT 20 — 2ull + |20 — z4l|-
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Hence,

lim ||zp41 — 2n| = 0.
oo [ nll
Since {x,,} is bounded, there exists a subsequence z,,, — z € H, and thus

limsup(f(p) - p,zn —p) = lim (f(p) = p,zn, —p) = {f(P) =P, 2 — p).

n—o0
From x,, — z, (3.12), (3.13) and Lemma 3.2, we obtain z € VI(C, A). Since lim |z, — z,| = 0, it
n—oo
follows that z,,, — z. Moreover, from lim ||z, —Tz,| = 0 and the demiclosedness of I — 7', we have
n—oo

z € F(T),and so z € VI(C, A) N F(T). According to Lemma 2.1 and p = Pyy(c,a)nriz(T) f (D), We
derive

limsup(f(p) — p,zn —p) = (f(p) —p,z —p) <0,

n—o0

Therefore

limsup(f(p) — p, Zns1 — p) < limsup(f(p) — p, Tny1 — zn) + Iimsup(f(p) — p, 2, —p) < 0.

By (3.14) and Lemma 2.7, lim ||z, — p||* =0, i.e. 2, — pasn — oo.
n—oo

Case 2. If there exists a subsequence {||zy,, —p||?} of {||z;, — p||*} such that ||z, — p||* < ||z, 41—
p||?,¥j € N, then by Lemma 2.8, there exists a nondecreasing sequence of integers {mj,} such that

klim my. = oo and for all £ € N, we have
—00

|2 =2l < lZmes1 = oI, k=Pl < lem, — ol
Using (3.13), we obtain
(1 - emk)(l - J2)||ymk - umkHZ + 'mG(l - 'mG)(l - ka)Hzmk - T'ka H2
< Nzmy = pI* = lzmer = plI* + Oy Ms < 0, M,

which implies that

Im (|Yym, — Um, || =0, lm ||zm, —Tzm, | = 0.

k—o0 k—o0
Following the similar arguments as in Case 1, we have

T e, = 2| =0, T [y 11— @, | =0,

limsup(f(p) — p, Tmy+1 — p) < 0.

k—o0
From (3.14), we have

| m,+1 =l
<(1 = Oy, (1 = 0) |2, —pI?

_ M605mk + M?Bmk . i _ _
+ emk(l 5)[ Omk(l — 5) mek xmk—lu + — 5<f(p) b, xmk-‘rl p>]

1
<(1 = Oy (1 = 8))||2my 41 — ||

M A M7 Bm 2
+9mk(1 - 5) [(1 _65 ) em: + 1-¢ ’ em:)”xmk - xmk—l” + m@c(p) = D Tmy+1 _p>]7

It follows that

| myr1 = pl* < (
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2 one has

Since ||z —pH2 < |[|[Zmp41 — D

limsup ||z — p||* < 0.
k—ro0

That is z,, — p. The proof is completed. g

4. NUMERICAL EXPERIMENTS

In this section, two numerical examples are given to illustrate the performances of Algorithm 1
(shortly, Alg 1) and compare it with Algorithm 1 in [14] (shortly, SCM), Algorithm 3.1 in [36] (shortly,
DIMTEM) and Algorithm 3 in [19] (shortly, DISEM). All the codes are written in Matlab R2020b and
performed on PC Desktop Intel Core(TM) i5-1135G7 @ 2.40GHz RAM 8.00 GB. “Iter” represents the
number of iterations and “Time” represents the iteration time, the unit is a second.

In numerical testing, we employ the sequence F,, = ||z, — z*|| to quantify the error at the n-th
iteration, where x,, is the current iterate and x* is a solution of the problem. The iteration is terminated
when the error satisfies the stopping rule E,, < err for all tested algorithms. We also take f(x) = 0.5x.
For our algorithm, the parameters o, and 3,, can be chosen as follows:

. 5n .
min { —2——: if _
- { {”xn_xn—lH ) 04} > Tn F Tp-1,

a, otherwise,
. 671, .
B, = mm{m,ﬁ}, if z, # Tp-1,
L, =
B, otherwise,

where o and /3 are constants such that 0 < o < 1,0 < 8 < 1 and {6, } is a positive sequence such
that lim g = 0.

n—oo

Example 4.1. Consider the linear mapping A : R — R™ such that
A(x) =Mz +q,

whereq € R and M = N TN+ S+ D, N isanm X m matrix, S isanm x m skew-symmetric matrix
and D is an diagonal matrix that diagonal entries are nonnegative (so M is positive semi-definite). The
feasible set C' is defined as C' := {z € R™ : Bx < b}, where B is a k X m random matrix and b is a
random vector with nonnegative. It is easy to see that A is monotone and L-Lipschitz continuous with
Lipschitz constant L = ||M||. Let T((z) = 0.5z and ¢ = 0. We also observe z* = (0,--- ,0)7 is the
unique solution of problem (1.2) with respect to A, C'and T..

The parameters are selected as follows:
Algl: a =01, =047 = 01,7 = 04,19 = 05,6, = ==, 6, = W Vn = 5 and

n+1°
b = Gy
) _ 1 _ _ _ _ 1
SCM: ¢, = m,ﬁn— m,)\l =01,u=04y,= ﬁﬂandpnfm. 1
DIMTEM: o« = 002, /BTL = m, )\1 = 01, n = 04, Yn = ﬁ_"_l) and Pn = m

DISEM: a = 0.1,3=0.4,7 =1.4,A\; = 0.1, u = 0.4, 7, = 0.25 and p,, = m

Letk =10, 20 = x; = (1,...,1)T, and N, S and D be randomly generated. The stopping criterion
is ||z, — 2*|| < err = 10710, The numerical results are described in Table 1, Table 2 and Figure 1.

From Table 1, Table 2 and Figure 1, it can be observed that under different m and err, Algorithm
1 outperforms the algorithms SCM, DIMTEM and DISEM in terms of running time and number of
iterations.
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TABLE 1. Numerical results for Example 1 with different m and err = 10710

71

m=2( m=>50 m=100 m=150
Iter Time Iter Time Iter Time Iter Time
Alg 1 54 0.1831 71 0.6430 83 0.8075 91 1.1634
SCM 75 0.3357 90 0.9189 101 1.0186 107 1.2873
DIMTEM 142 0.6714 166 1.9556 183 3.7758 174 4.4704
DISEM 181 1.2827 308 2.6140 327 3.3547 294 8.0670
TaBLE 2. Numerical results for Example 1 with different err and m = 100
err = 10719 err = 10717 err = 10720 err = 1072
Iter Time Iter Time Iter Time Iter Time
Alg1 84 0.6280 103 0.7296 123 0.7846 139 0.9708
SCM 101 1.0734 138 1.4604 175 1.8776 212 2.2703
DIMTEM 183 2.9826 247 4.6638 311 4.3232 375 4.7183
DISEM 327 3.2647 400 4.5301 471 5.5882 544 6.1253
[E= S
e T
- 105
By T
e W g
£ .
10° 1010
o o5t

[z — ||

L L L L L 10° L L L L L L
0 50 100 150 200 250 0 50 100 150 200 250 300 350

Number of iterations Number of iterations
(@) err = 10710 () err =10"1°

1010

100 F

1010k

1020

L L L L L L L L L L L L L L L
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 450

Number of iterations Number of iterations
(c) err =102 (d) err =107%

Ficure 1. Comparison of algorithms for Example 1 with different err and m = 100
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Example 4.2. Let A : R? — R3 be defined by

Alw) = (eI 4 g) M,
where 8 = 0.2 and

1 0 -1
M=10 15 0
-1 0 2

The feasible set C'is defined as C := {z = (x!,22,2%) € [-5,5]® : ' +22+23 = 0}. Let T(z) = 0.4x.
Observe that S = {(0,0,0) } with respect to A, C' and 7. It can be seen that A are Lipschitz continuous
and pseudo-monotone but not monotone (Bot et al. 2020).

The parameters are selected as follows:

Algl:a=0.1,8=03 A =051 = 04,10 = 05 60, = ;573,00 = iz Mo = 47 and
_ 1

&n = iy
SCMOén: %‘H’Bﬂ = m,)\l 205,M:04,’)/n = ﬁandpn = ﬁ

DIMTEM: o = 0.02, 3,, = m, A =05, u=04,v,= % and p, = ——3

DISEM: a = 0.1, 5 =0.3, 7 = 1.4, \; = 0.5, p = 0.4, v, = 0.25 and p,, = (ﬁ)g

We adopt the initial points xp = (1,1,1) and z; = (2,2,2). In this example, we compare the
performances of four algorithms with different err. The numerical results are presented in Table 3 and
Figure 2.

TaBLE 3. Numerical results for Example 2 with different err

err = 10710 err = 10715 err = 10720 err = 1072°

Iter Time Iter Time Iter Time Iter Time
Alg 1 26 0.0541 40 0.0701 49 0.0880 57 0.1003
SCM 36 0.0642 58 0.1081 65 0.1232 73 0.1705
DIMTEM 94 0.1386 141 0.2102 175 0.2646 210 0.3861
DISEM 101 0.1797 152 0.2967 189 0.4436 225 0.6358

As shown in Table 3 and Figure 2, Algorithm 1 outperforms the algorithms SCM, DISEM and DIMTEM
on different err. This result affirms that our algorithm has cheaper computational loads than the algo-
rithms SCM, DISEM and DIMTEM.

5. CONCLUDING REMARKS

In this paper, a double inertial Tseng extragradient algorithm with self-adaptive stepsize is proposed
to solve a pseudomonotone variational inequality and a fixed point problem with a quasi-nonexpansive
mapping in Hilbert spaces. Under some standard conditions, a strong convergence theorem is obtained.
Numerical experiments illustrate the performances and advantages of our algorithm. In future works,
we will relax the psedudomonotonicity of A to quasi-monotonicity, and drop the assumptions that
nll_}HQlo 52llzn — xp_1]| = 0 and nh—>nolo %Hl‘n — Tp_1] = 0.
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