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VISCOSITY-INERTIAL APPROXIMATION METHOD FOR ATTRACTIVE POINTS OF
WIDELY MORE GENERALIZED HYBRID MAPPINGS
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ABsTRACT. This research presents a viscosity-inertial iterative scheme for approximating attractive point
of finite family widely more generalized hybrid mapping in Hilbert space. The proposed method inte-
grates terms into the viscosity framework to accelerate convergence while maintaining strong conver-
gence guarantee. The scheme is established under less restrictive assumptions. A strong convergence
theorem is proved under appropriate control conditions on the parameter sequences.

Keywords. Strong convergence, Widely more generalized hybrid mapping, Attractive point, Viscosity-
inertial approximation method.

© Fixed Point Methods and Optimization

1. INTRODUCTION

Let H be areal Hilbert space and C' a nonempty closed and convex subset of H. Also 7" be a mapping
from C into H, the set of fixed points of T" is denoted by F/(T)={x € C : Tz = x}.
A mapping T : C'— H is called

(1) Nonexpansive mapping if K = 1 thatis [|Tz — Ty|| < ||z — y||.

(2) Widely more generalized hybrid mapping if there exists «, 3,7, 0, €, ( and w and such that
ol Tz = Ty|* + Bllz — Tyl* + yl|Tz — y|f* + ollz = yl|* + ez — T[> + (lly — Ty|?
+w||(x—Tx)— (y—Ty)||?<0Vaz,yecC.

A point u € X is called an attractive point if it satisfies the following condition

|Tx — ul| < ||z — ul| for every z € C. Let T1,T5 : C — H, where C is a nonempty subset of H, then
the set of all common attractive points for 77 and 75 is denoted by A (71, T%) and defined as
A(T1,Ty) ={u € H : max (| Tix — u||, || Tox — u||) < ||z — ul|, Vo € C} . Moreover,

A(Ty,Ty) = A(T1) N A(T%). For a finite family 77,15, . . ., T}, of nonlinear mappings, the set of com-

mon attractive points is denoted as A (T;)=qu € H : max (ITiz — ul|) < ||l —u||,Vz € C ;.
<i<n

Takahashi and Takeuchi were the first to introduce the perception of attractive points in Hilbert spaces
[9]. The main goal of the introduction was to remove the convexity and closedness assumptions com-
monly imposed on a nonempty subset in the well-known nonlinear ergodic theorem of Baillon [2].
They also proved an existence theorem for attractive points without the need for convexity. It is evi-
dent from the definition that, generally speaking, a fixed point need not be an attractive point and an
attractive point need not be a fixed point. F(S) = {v € C': Sv = v} and

A(S)={ve H:||Sz—v| <|z—v|zeC}, where CC Hand T : C — H is an operator that is
nonlinear. The author [5] utilized the iterative process introduced by [11] to establish both weak and

*Corresponding author.
E-mail address: buharimamuda2018@gmail.com (B. Mamuda), siabubakar82@gmail.com (S. I. Abubakar), and
sadiq.shehu@ssu.edu.ng (S. Ahehu)
2020 Mathematics Subject Classification: 47H09, 47]25.
Accepted: February 08, 2026.
50


https://tulipa-os.com/fpmo/volumes_articles.php
https://doi.org/10.69829/fpmo-026-0301-ta04
https://tulipa-os.com/

VISCOSITY-INERTIAL APPROXIMATION METHOD FOR ATTRACTIVE POINTS 51

strong convergence results for the sequence z,, defined by

r1 € C, (1 1)
Tp1 = anTr + B Tixy +ylexr, VkeN. .

The authors of [4] presented an accelerated iterative algorithm for computing a common fixed point of
an infinite family of nonexpansive mappings in Hilbert space with a structure similar to Nesterov’s [7]
acceleration principal approach which laid the foundation for modern inertial method in optimization
and fixed points. More recently [8] established weak and strong convergence theorems for common
attractive points of two generalized hybrid mappings, without requiring the domain to be closed. Their
analysis, conducted in Hilbert space using the iterative process (1.1), achieved strong convergence re-
sults by assuming compactness of the mappings using so-called condition A, which postulates the ex-
istence of a nondecreasing function S :[0,00) — [0, c0) satisfying S (0) = 0 and S (x) > 0, for any
x > 0 ensuring that S (z,, d (A (11, T2))) < ||z —T1xn|| or S (xy,d (A (T1,T2))) < ||zp—Toxy|. Ina
related development [3] proposed a viscosity approximation method and proved a strong convergence
theorem for the attractive point of a finite family of widely more generalized hybrid mappings defined
by
x1 € C,
N
Zn =dno%n Y dniTix, Vi=1,2,3,...,N, (1.2)
i=1
Tnt1 = anf (zn) + Bnxn + Uz, YVn > 1.
Motivated by the work of [3] and the studies mentioned, the present study aims to extend this result by

incorporating an inertial term into the viscosity approximation in order to accelerate the convergence
rate, relaxing some of the restrictive assumptions(iii) imposed in earlier study.

2. PRELIMINARIES
In this section we give some useful definitions and lemmas that are going to be used in our work.

Lemma 2.1. [6] Let C be a nonempty subset of a Hilbert space H. LetT : C — H bean(«, 3,7, 0,€,(,w)
-widely more generalized hybrid mapping that satisfies either of the following conditions:
() a+B8+v+oc>0anda+~v>0ande+w >0
2 a+B+y+oc>0anda+B>0and(+w >0
ifr, = uand ||z, — Txy| =0asn— oo thenue A(T).

Lemma 2.2. [10] Let{ S, }, {bn} be positive real numbers, {o,} be contained in [0, 1] and {t,,} be a se-
quence of real numbers such that

Sn+1 < (1 —0p) Sy + opty +by,

then the following conditions hold:

o0
i Y op =00,
i=1

o0

ii. > b, < oo,
i=1

iii. lim supt, < 0implies lim S, =0,V ne N.
n—oo n—oo

3. MAIN RESULTS

We introduce a viscosity-inertial approximation method to prove a strong convergence theorem of
widely more generalized hybrid mappings in Hilbert space.
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Theorem 3.1. Let H be a Hilbert space and C' be a nonempty convex and bounded subset of H. Suppose
T;,:C — H foranyi € {1,2,3,..., N} be a finite family of («, 8,7, 0, €, {,w)-widely more generalized

N
hybrid mappings with (| A(T;) # 0. Let {y, } be a sequence defined by
i=1

Yo, Y1 € Oa
xn:yn‘kﬁn(yn_ynfl)a n=>1,

N
Zp = dp 0Ty + Z dpiTixn, Vi=1,2,3,...,N,

=1

(3.1)

Yn+1 = anf (yn) + bnxn +cpzn Y>> 1,

where f : C — C is a contraction mapping with K € [0,1), an, by, ¢n, {dno} and {d,, ;} are sequences
N
in (0,1) withdp o+ ) dn; = 1anday + b, + ¢, =1V n> 1 and the following conditions hold:
i=1
o
(1) lim a, =0 and ) a,=00,
n—o0 n=1

m %Hyn - yn—l” =0,

li
n—oo @

2) nILrEO/Bn Hyn - yn—l” =0 and
3)0<a<b,<b<1,
(4 0<c<ec, <d<1.

Lemma 3.2. Let H be a Hilbert space and C' be a nonempty convex and bounded subset of H. Suppose
N

Tyi = 1V is a finite family of (v, 3,7, 7, €, w, ¢ )-widely more generalized hybrid mappings with (| A(T;)
=1

# (). Then {y,} defined by (3.1) is bounded.

N N

Proof. Suppose (| A(T;) # 0. Letr € (| A(T;) then we show that (y,) is bounded. As defined by z,
i=1 i=1

and z, in (3.1), we have

[0 =7l = lyn + B (Yn = yn-1) — 7|l

Thus
lzn =7l < lyn =7l + Ballyn — yn—1ll- (3.2)
N
20 = 7]l = lldnown + > dn i Tixn — 7|
=1
N
< dpollzn — 7l + D dnil Tizn — 7|
=1
N
< dnollwn =+ Y dnillan — 7]
=1
N
- (o 3t b1
=1
Therefore,

[z =7l < flzn =7l (33)



VISCOSITY-INERTIAL APPROXIMATION METHOD FOR ATTRACTIVE POINTS 53

From equations (3.2) and (3.3), we have
yn+1 = rll =llanf (Yn) + bpzn + cnzn — 7|
=llan (f (yn) = 1) + by (T — 1) +cn (20 — 1) |
<an|lf (yn) = 7|l 4+ bpllzn — [l + cnllzn — 7|
=an|lf (yn) = [ (r) + [ (r) = vl + bullzn — 7l + cnllzn — 7|
San|lf (yn) = f () [ 4 anll f (r) = 7l + ballzn = 7] + cnllan — 7|
=an|f (yn) = f () [[ + (bn + cn) 20 — 7]l + anllf () — 7]
<anLllyn =l + (0o + ) [Ilyn =71 + Bullyn — yn-1ll] + anllf (r) — 7|
=anLllyn — 7l + (bn + cn) yn — vl + (bn + cn) Bullyn — yn—1ll + anllf (r) = 7|l
=anLllyn — 7 + (1 = an) yn =l + (0n + cn) Bullyn — yn-all + anll f (r) = 7|l
(anL + (1 - an))”?/n — 7| 4 (bn + cn) Bullyn — yn—1l| + anl|f (r) — 7|
=1 = an (1= L))llyn — 7l + (bn + cn) Bullyn — yn—1ll + anllf (r) — 7|

~(1= 0 (1= D)l = 7+ 2] 00+ ) Bl = s+l 1) =11

an (1 - L)
—(1—an (1= 1))llyn — 7|

bn n n
b (1= ) |20 s By 2y () ol

Since lim g—”Hyn — Yn—1]| = 0, we can find 77 > 0 such that %Hyn —Yn—1]| <T1 Vn > 1.
n—oo n

lynss =l <(1=an (1= L))y = ]|+ an (1 = 1) [(bf_d)LTl * ”ffTZZTH]

<1 - an 0= 1)y maxf o o, [EOT L IO
e [582

bran, W)

- Smax{uyn— 1 [

By induction we have

1-L 1-L (34)

By (3.4) this shows that the sequence {||y, — ||} is bounded V r € A(T;). Therefore {y,, } is bounded.
It follows that {z, }, {zn} . {f (yn)} , {Tizy} are all bounded.

lym — il < max{uyo ], [“)* ATy | 1) = T‘] } > 1.

0

Lemma 3.3. Assume {y,} is a sequence in Lemma 3.2 and let a,, by, ¢, {dn 0} and{d,, ;} are sequences
in (0,1) satisfying the assumptions outlined above, then lim ||y, — Tiyn| = 0.
n—oo

N
Proof. We assert the following: we pick r € (| A(T;),

i=1

lim ||z, — Tijz,| =0, lim ||y, — zn|| =0, lim ||y, — zn| =0,
n—oo n—oo n—oo
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nh_{go |20 — zn]| =0, nh_{%o |Yn+1 — znll =0, nh_?go lYn+1 — ynll = 0.

By the definition of z,, and 2, in (3.1) we have

0 = 71> = lyn + Bn (yn — yn—1) — 7|
< (Hyn - TH + Bn”yn - yn71||)2 .

Thus,
2n = 7l1* < 1y — 7)1 + 2Ballyn — Yn—1llllyn — 7l + Ballyn — yn-1]*. (3.5)
Also,
N
20 = 7l* = ldn,on + ) dniTizn — r|*
=1
N
= lldno (@n —7)+ Y (dniTiwn — 1) |
i=1
N N
= dn,OHwn - THQ + Zdn,zuﬂxn - 7’”2 - Z dn,Odn,i Tn — ,Tz$n||
i=1 0<i<1
N N
Sdnollen —r?+ D dnillzn —rl? = D dnodnllzn — Tiza|
=1 0<i<1
N N
= (dn,o + Zdn,z> ||xn - 7"”2 - Z dn,Odn,i Tn — T’zan
i=1 0<i<1
We have
[|2n — TH2 < lzn — T||2 - dn,Odn,iHmn — Ty (3.6)
Again we obtain
N
Iz = 71” = lldnozn + Y _ dniTizn — 7|
i=1

N 2
< <dn,o|wn — 7|+ dnill Tizn —r||>

=1

N 2
< (dn,o!wn—rll +Zdn,i1xn—r||>

=1

N

= <dn,o + de> |z — ’I“HQ.

=1

Therefore,

lzn = 7lI* < flzw — % (3.7)
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Using (3.5), (3.6) and (3.7), we compute

lYn+1 — 7"”2 =llanf (Yn) + batn + cnzn — THQ
=llan (f (yn) =7) +bn (20 —7) +cn (20 — 1) |7
<anllf (yn) = 711> + ballzn — r|* + cnllzn — 7|
<anl|f (yn) = 71> + bl — 7|
+cn (Hmn - 7“Hz — dp0dn,i
=an||f (yn) = 71> + bul|z — 7|
+ cnlln — r||? = cndnodnil|Tn — Tizn|

=anlf (yn) = 7lI* + (bn + cn) llzn = 71* = cndnodnil|2n — Tian|

Tn _sznH)

<an||f (yn) = I* + (bn + cn) [Hyn = 7* + 2By — yn-1llllyn — |l

By - ymnﬂ — ndy o sl| 5 — Tot
—aallf () = 1 + (b + ) g — 711

2 (b + ) Bulltn — v [uyn 4 Bl — ynln}
— cndn odn ||z — Tz,

—anlf (gn) = I + (1= @) g — 7]
+2(0n+ ) Bl — vl I = 71+ Bl — ol
— Cpdp,0dn ||z — Tizy||

endnodn il|lzn — Tl <an|lf (yn) = rl* + llyn = 7lI* = anllyn = rlI* = lynss — |

+2 (bn + Cn) ﬂn”yn - ynle ”yn - TH + ﬁn”yn - yanH

=an (If (gn) = 7* = lgn = 711?) = (lyns1 = 717 = llyn = 711%)

+2 (bn + Cn) IBnHyn - yn—l” ”yn - TH + /8n||yn - yn—l” .

By taking the limits of both side, also by conditions (1), (2), (3), (4) and the boundedness of d,, o, dy, s,
we have

lim ||z, — Tiz,|| = 0. (3.8)
n—oo
Also,
Hwn - yn” = ”yn + Bn (yn - yn—l) - ynH
< ﬁn”yn - ynfln-
We obtain

lim ||z, —yn| = 0. (3.9)
n—oo
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Using (3.5) and (3.7), we compute
lyn1 =7l =llanf (yn) + bnan + cpzn — 7|
=llan (f (yn) =7) +bn (20 —7) +cn (20 — 1) |7
<an||f (yn) — 7”H2 + bnl|zn — THQ + cnll2n — THQ — bcnllzn — anZ
<anllf (yn) = 711> + ballzn — r|* + callen —rl* = bucallzn — 2
(

:aan yn) - THQ + (bn + cn) Hxn - THQ - bncn”a% - ZnHZ

<an||f (yn) = 7lI* + (b + cn) [Ilyn = 7%+ 2Bnllyn — yn-1lllyn — |l

By - ymn?] — bucnlln — 22
<anllf () = rl12 + (b + cn) g — 12

+2(bn + cn) Ballyn — o | [uyn ol + Bl — ynu@
- bnanxn - ZHH2

—anllf () — 2+ (1 — @) g — 111
-2 (bn + ) Bulltm — | [Hyn o+ Bullyn — yn_lﬂ

- bncn”xn - an2

bucnllzn — znll* <anllf (yn) = 717 + llyn = 71* = anllyn = rlI* = lynsr — 7|

+ 2 (bn + cn) Ballyn — yn—l” Hyn - TH + Bn”@/n - yn—l”

)

=an (If (gn) = 71I* = lgn = 71I*) = (lyns1 = 71> = llyn — 7|

+2(bn + cn) Ballyn — Yn-1l Hyn - TH + Bullyn — ynfl” .

Taking the limits of both side, also by conditions (1), (2), (3) and (4), we have
lim ||z, — 2| = 0. (3.10)

n—oo
Also, we obtain
20 = Ynll = 20 — Zn + Tn — ynll
< lzn = znll + |2n — yul|-
Using (3.9) and (3.10), we obtain
lim ||z, — yn|| = 0. (3.11)
n—oo
Also,
[Yn+1 = Ynll = llanf (Yn) + bazn + cnzn — ynll
< anllf (Yn) = Ynll + bullzn — ynll + cullzn — ynll-
Using condition (1), equations (3.9) and (3.11), we get

lim ||ynt1 — ynl = 0. (3.12)
n—oo
Also, we have
Hyn+1 - xn” = Hanf (yn) + bnxn + cnzn — xn”

< anllf (Yn) — Znll + bullvn — 20|l + cnllzn — znl|-
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Using condition (1) and equation (3.10), we obtain
lim ||yn+1 — znl = 0. (3.13)
n—oo

Hence we compute

||yn - TlLynH = ||yn — Yn+1l+ Yntl — Tn + Tp — Tixp + Tixy — TlLynH
<My = Ynt1ll + lyn41 — 2all + (|20 — Tizn || + | Tizn — Tiya||
< ||yn - yn+1” + ||yn+1 - l‘nH + ||1'n - Efxn” + ||l'n - ynH

Using (3.8), (3.9), (3.12) and (3.13), we have

lim Hyn - lenH =0. (3.14)
n—00

O
Lemma 3.4. Let {y,} be a sequence defines in Lemma 3.1 and 3.2, where a,,, by, ¢y, {dn0} and {d, ;}

are sequences in (0, 1) satisfying the conditions outlined above, then the sequence {y,, } converges strongly

N
to somer € () A(T;) which characterizes the desired solution of the variational inequality problem
i=1

N
(r—f(r),s—r)>0 V se()A(T). (3.15)

i=1
Proof. Since our space is a Hilbert space and {y,} is bounded then we can find a subsequence {ynp}
of{y, } that converges weakly to s. By the definition of our mappings and from (3.14) with Lemma 2.1

N
we have s € (| A(T;) then (3.15) holds. Hence we have that
=1

lim sup(f (r) —r,yn—r):pliglo(f(r) — 7 Yn, —7) = (f(r)—7r,5—71) <0.

Then,
limsup(f (r) —r,yn — 1) < 0. (3.16)

n—oo

Using (3.2) and (3.3) we can obtained

[Yn41 = 71> =(Wns1 = 7 Yns1 — 1)
=(an (f (yn) = 7) +bp (2 —7) +cn (2n —7)  Yny1 — 7)
=an((f (Yn) = F(r) + f(r) =7) Yp1 — 1)
+ bp (T — T Ynt1 — 7)) + Cn2n — M Yng1 — )
=an(f (Yn) = £ (), Yns1 — 1) + an(f (1) =7, yns1 — 1)
+ b0 (Tn — T Ynt1 —7) + Cnl2n — 7 Ynt1 — 7)
SanLllyn = rlllyn+1 = 7ll + bollzn = rllllynss — 7|
+ cnllzn = rllllynsr — 7l + an(f (r) = rynsr —7)
<anLllyn = rlllyn+1 = 7ll + bnllzn = rllllynss — 7
+ eullzn = rlllynt1 — 7l + an(f (r) = 7 ynt1 — 1)
<anLlyn = rllllyn+1 —rll
+ (bn +n) (lyn — 7l + Ballyn — yn—1ll) |yn+1 — 7|l
+an(f (r) =7, Yns1 — 1)
=anL|lyn — 7| 1yn+1 — 7l + (b + cn) yn — 7l[Yn+1 — 7|l
+ (bn + ¢n) Bullyn — Yn—1llllyn+1 — 7l + anlf (r) = r,yns1 — 1)
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=anLllyn = rll[[ynt1 =7l
+ (O +cn) llyn = 7lllynta =7l
+ (bn +¢n) Bullyn = yn-alllyna =l
+an(f(r) =1 ynt1 = 1)

=(anL + (bn + cn)) [yn = rllllgntr — 7|
+ (bn + ¢n) Bullyn — yn—1llllyns — 7|l
+an(f (r) =7, ynt1 = 1)

Hyn - T'||2 + |Yny1 — T”?
2

+ (bn + ¢n) Bullyn — Yn—1llllyn+1 — 7|l
+an(f (r) =7 Yns1 — 1)

20yn41 =7l < (@nL+ (bn +cn)) [l =717 + lynsr = 7]1?]
+2(bn + ¢n) Bullyn = Yn-1lyn+1 — 7|l
+ 2an(f (r) = 7, Ynt1 — 1)

[2 — (anL + (bp + Cn)) ] Hyn+1 - THQ =(anL + (bn +¢cn)) Hyn - THQ
+ 2 (bn + ¢n) Bullyn — Yn—1llllyn+1 — 7l
+ 2an(f (r) = 7, Ynt1 — 1)
an,L + (b, + ¢,
e (anZi (b:+ 2n))] lgn =1

2 (bn + cn) Bn
2 — (anL + (b + cn))

<(anL + (bn +cn))

”yn - yn—lllHyn-ﬁ-l - TH

pp. (anLQ—STEb o) e =)
=t-5= (j:}j(j (_an)+ Cn))] yn — 7|2
o 8 - 3 {2 = (2(21&,[3 il = il - r”}
+ 1 - é [2 - (aanJfTEbn ) ) =7 Ynar — T>}
=1 s ey e I

2a, (1-1L) Pf( r)— r,ynﬂ_rq
2a,(1-L)  [(b+0)Bn
2 — (anL—an—FCn) |: n(l )”yn yn,1||‘|yn+1 —7’||:|,

We see that by Lemma 2.2, we obtain

2a, (1 — L OOQanl— >
E O'n:E 2_(1_an 1_ > El E an (1 —L) =o0.
n=

By condition (1) and equation (3.16), we have

hm_)suptn = limﬁsup [U(T)IWEHT) + an(ﬂln_L) 1yn = Yn—1llllyn+1 — 7"‘] <0
n—oo n—oo

N
Then by lemma 2.2, y,, converges strongly tor € [ A(T;).

i=1
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4. CONCLUSION

In this study, we developed a viscosity-inertial iterative scheme for approximating attractive points
of widely more generalized hybrid mappings in Hilbert space. By incorporating inertial term into the
viscosity framework, the proposed method achieves enhanced computational efficiency while main-
taining strong convergence. Furthermore, we rigorously establish the strong convergence of the se-
quence generated by the scheme under relaxed assumptions.
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