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ABSTRACT. In this paper we prove strong convergence theorem for the modified Krasnoselskii-Mann
iteration process with step-sizes involving total asymptotically nonexpansive mapping in the framework
of Hilbert space. Our results generalize, unify, and improve several comparable results in literature.
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1. INTRODUCTION

Let C be a closed, convex and nonempty subset of real Hilbert space H. A nonlinear mapping
T :C — Cis said to be

(i) a contraction if there exists a constant « € [0, 1) such that
IT(z) =T < allz —yl, Ve,yed; (11)

when o = 1, then T is called nonexpansive;
(i) asymptotically nonexpansive if there exists a real sequence {1, } C [0, 4+00) with lim,, oo ptr, =

0 such that
|1T"x —T"y|| < (1 + pn)llz —yll, Vz,yeC, n>1; (1.2)
(iii) asymptotically nonexpansive in the intermediate sense if T' is uniformly continuous and

limsup sup (|77 — Ty — v — y])) < 0; (13)

n—oo  z,yelC

if we let

z,yeC

£, = max {o, sup (|7 — Ty — |l — y\l)} ,

then lim,,_, &, = 0, and the inequality becomes
[T = T"y|| <z =yl + &, Vo,y e Con =1

(iv) generalized asymptotically nonexpansive if there exist sequences {u,}, {¢,} C [0, +00) with
tn — 0, &, — 0 asn — o0, such that

IT"z — Tyl < (14 pp)l|lz —yl| + &y, Va,y € C, n>1; (1.4)
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V) ({pn}, {&n}, ¢)-total asymptotically nonexpansive if there exist sequences
{en}, {&n} C [0, +00) with u, — 0, &, — 0asn — oo, and a strictly increasing continuous
function ¢ : R™ — R* with ¢(0) = 0, such that

[Tz = Ty|| <l =yl + pn(llz = yl) +&n, Ve,y € Con > 1; (1.5)
(vi) uniformly L-Lipschitzian if there exists a constant L > 0 such that
|77 — T < Lz —yl, Vz,y€C,n>1. (16)

Note that If {(z) = z, total asymptotically nonexpansive mappings coincide with generalized asymp-
totically nonexpansive mappings. In addition, if u, = 0 for all n € N, then generalized asymptoti-
cally nonexpansive mappings coincide with asymptotically nonexpansive mappings in the intermediate
sense; if €, = 0, then generalized asymptotically nonexpansive mappings coincide with asymptotically
nonexpansive mappings, if i, = 0 and &, = 0, then we obtain nonexpansive mappings. These classes
of mappings had been studied extensively by several authors (see e.g. [7, 8, 11, 15, 25]). In 2016, Alber
et al. [1] introduced the concept of total asymptotically nonexpansive mappings that generalizes the
family of mapping that are the extension of asymptotically nonexpansive mappings. The following
examples show that total asymptotically nonexpansive mappings properly contain the asymptotically
nonexpansive mappings.

Example 1.1. [13] Let £ = R X ¢; be endowed with the norm

Il -lle=1r+I"lle-

Let K be a subset of E defined by
K :=10,1] x B,
where B is a closed unit ball of ;. Forall u € [0,1] and = (21,22, 3,...) € B,defineT : K — K

by
At N A R T P
3 3 3 333 3
T(u,z) =

\361’2 T2 T3 T4 1
0, (0,1 T2 T3 T4 ) e |21,
( ( 3 7333 “=13

We want to show that 7" given by (1.7) is not continuous and therefore cannot be asymptotically non-
expansive but satifies condition (1.5).

(1.7)

Remark 1.2. every asymptotically nonexpansive mapping is uniformly Lipschitzian, so Lipschitz, and
every Lipschitz mapping is continuous

Next, let {by, },>1 be a sequence of real numbers such that b; = % and lim,,_,~ b, = 0. Observe that
for all (u, %), (v,7y) € K,

IT(u, ) = T(v,9)|| & < lu—v| + by + g max{|z| + ], 1T — 7o,
Moreover, for all n > 2 and all (u, z), (v,y) € K,

mn =\ __ 1 |9L"1|2 T T T
T(u7$)_<§7 (0707"'707 371737721737273%7"') )

and
1T (u, ) = T"(v,§)|| 2 < 5w max{la1] + [y2], 1} Z — Flle, -
So, foralln > 1,

177 (u, 2) = T (v, )l < =l + 17 = Flles + 5 (Ju— v + 7 = Flle,) + b (18)
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Thus, with ¢ : [0, 400) — [0, +00) defined by (t) = 2, j1, = 3~ forall n > 1, and {by, },>1 any null
sequence with b = %, we obtain from (1.8) that

17" (u, ) = T" (v, 9)ll e < 1w, 2) = (v, )l + (| (w, 2) = (v, 9) || ) + b
Hence, the mapping T' defined by (1.7) is total asymptotically nonexpansive but not asymptotically
nonexpansive.

Example 1.3. [10] Let X := R and C := [0, 2]. Define T': C' — C by

1, x € [0,1],

Tx = .
’ \}5\/4—302, x €[1,2]. (19

Note that 7"z = 1 forallz € C andn > 2, and F(T') = {1}. Clearly, T is both uniformly con-

tinuous and total asymptotically nonexpansive on C. We want to show that 7" given by (1.9) is not
asymptotically nonexpansive. Hence, if z € [0, 1], then ||z — 1|| = ||z — Tz||. Similarly, if x € [1,2],

then

|z — 1| :x—lgm—%\ﬂl—x?: |l — Tx|.
So,we getd(z, F(T)) = ||z —1|| < ||z — Tz|| for all z € C. But T is not Lipschitzian. Indeed, suppose
not, i.e., there exists L > 0 such that

|Tx — Ty|| < Ll|z —y|| forallz,y e C.

If we take v = 2 — $(L + 1)> > 1 and y = 2, then
1 2 —
—VA-2<L@2-12) == L< +$

\/g 3L2

[\
8

This is a contradiction.

Definition 1.4. Let C' be a nonempty, closed, and convex subset of a real Hilbert space H and let
A : C' — H be anonlinear mapping. The classical variational inequality is to find an 2* € C such that

(Ax*,x —2*) >0, VxeCl. (1.10)

This is the classical variational inequality problem, and the set of its solutions is denoted by SOL(A, C).
Variational inequality problem in finite dimensional Hilbert spaces was first studied by Hartmann and
Stampacchia [9] for modelling some non-linear elliptic differential-functional equations. Since then,
several numerical methods have been developed which involves finding common solution to variational
inequalities and related optimization problems where the operator is asymptotically nonexpansive in
the framework of Hilbert space (see [17, 3, 24, 19, 4, 14, 20, 7, 6]). Furthermore, Ofoedu and Nnubia
introduced the following algorithm:

Theorem 1.5. [13] Let K be a closed convex nonempty subset of a real Hilbert space H and letT : K — K
be a uniformly continuous total asymptotically nonexpansive mapping with function ¢ : [0,+00) —
[0, +00) satisfying @(t) < Myt ¥t > M, for some constants My, My > 0. Suppose that Fix(T) # @
and let {x,, }n>1 be a sequence generated iteratively from x1 € K by

{yn =Pk [(1 - an)$n}7

(1.11)
Tp+1 = (1 - ﬁn)xn + BnTnynv n>1,

where {o, tn>1, {Bn }n>1 are sequences in (0, 1) satisfying the following conditions:

o0

E ay, = 00, lim a, =0, lim a;lun =0= lim a;lnn,
1 n—oo n—oo n—oo

n—=
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and
0<(o<pBn<en<l Vn>1 (forsome(y,eo€ (0,1)).
Then {xy }n>1 converges strongly to Pyiy(1)(0), which is a minimum norm fixed point of T.
Motivated by Theorem 1.5, we propose the following theorem.

Theorem 1.6. Let C be a nonempty closed convex subset of the real Hilbert space H. LetT : C' — C' be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with and let (x,,),>0 be defined
by

g, x1 € H.

Yn = Tn + en(xn - xnfl)a

Zn = (1 - an)Tnyna

Tnt1 = Onzn + b (T opzy — opzy) + €n, Y > 1,
where <9n)n21 g [0,9] With@ c [0, 1), (an)nzl, (bn)nZI Q [0, 1), (Un)nZI Q [0, 1], and (En)n21 g H

(1.12)

are sequences such that lim,,_, ||x, — T"x,|| = 0 and the Fixz(T) # (). Assume that these conditions
hold
o
(C1) D an < oo
n=0
(C2) limsup o, = 1.
n— oo
+o0o
(C3) Z llen|l < oco.
n=0

(C4) There exists a constant M,, > 0 for alln > 0
If[|[T"0nzn — onznl| — 0, then the sequence (z,)n>0 converges strongly to & := Pr7)(0).

It is our aim in this paper to prove strong convergence theorem for minimum norm fixed point of
total asymptotically nonexpansive mapping. Our theorems generalize and extend the corresponding
results of several results in literature.

2. PRELIMINARIES

Let H be a Hilbert space with inner product (-, -) and norm || ||, respectively, and let C be a nonempty,
closed, and convex subset of I1. Then we have the nearest point projection from H onto C, P¢, defined

by
Pco(z) == argmin ||z — 2|, 2 € H.
zeC

Thus, Po(x) is the only point in C' that minimizes the objective ||z — z||? over z € C. Note that Pc(z)
is characterized as follows:
Po(x) e C and (x— Po(z),y — Po(x)) <0, VyeC.

In order to prove our results, we need the following lemmas.

Lemma 2.1. [18] Let I be a real uniformly Banach space and 0 < p < t, < q < 1 for all positive
integern > 1. Also suppose that {x,,} and {yy} are two sequences of E such that limsup,,_, . ||zn| < 7,
limsup,,_, . [|yn|| < 7 andlim, o |[tnzy + (1 — tn)yn|| = r hold for somer > 0, then lim, o0 ||€n —
Ynll =0

Lemma 2.2. [23] Let o, and t,, be two nonnegative sequences such that

Ont1 < ap +ty, foralln > 1.
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[ee]
Ifz ty, < 00, then lim,, oo vy exists.

n=0
Lemma 2.3. [5, 21, 22] Let C' be a nonempty closed convex subset of H. Then for every w € H and
zed,
& = Po(w) ifand only if (w —&,v—2) <0, Vv € C.

Lemma 2.4. [21, 22] Let H be a real Hilbert space. Then, the following equality and inequality hold:

i |u+v)|? < ull® 4+ 2(u+v,v), Vu,v€ H.

ii. [lau+ (1—a)v||?=allull®>+ (1 -a)|v]? - a(l —a)|u—v|? VaecRandu,v < H.
Lemma 2.5. [2] Let E' be a reflexive Banach space with weakly continuous normalised duality mapping.

Let K be a closed convex subset of E and let T be a uniformly continuous total asymptotically nonexpansive
mapping from K into itself with bounded orbit. Then (I — T') is demiclosed at zero.

Lemma 2.6. [12] Let {pn}°2 1, {cn}5% 4, {en}22; € RT = [0,00), b, C (0,1) and {d,,} C R be
sequences such that
Pl < [1 — by + Cn]pn +dy, +e€n, n > 1

(o) (o)
Let Z cp, < o0 and Z €n, < 00. Then, we have the following:
n=1 n=1

i. ifdy, < Mby, for some M > 0, then {p,} is bounded

ii. iflimy_yo0 by, =0, Z b, = 0o and lim sup ‘If—: <0, then lim,_,oo d,, = 0.

n=1

Lemma 2.7. [16] Let ® : [0,00] — [0,00) be a strictly increasing function with ®(0) = 0 and let
{pn},{\n}, {1n} be nonnegative real sequences such that

oo

ZATL:OO’ lim ,U‘TLZO'
n—oo

n=1

Suppose that

p721+1 < IOEL = M®(pn+1) + Aafln, n>1 (2.1)
Then
lim p, = 0.
n—oo

3. MAIN REsuLT

Lemma 3.1. Let C' be a nonempty closed convex subset of the real Hilbert space H. Let T : C' — C be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with F(T') # (), and let (x,,)n>0
be defined by

xo,x1 € H.
Yn = Tpn + en(mn - l'n—l)v
Zn = (1 - an)Tnyna

Tnt1 = Onzn + bp (T opzy — opzp) + €n, Y > 1,

(3.1)

oo
Let (0p,)n>1 C [0,0] with 0 € [0,1) such that Z Onl|zn — xn_1]| < 400. Assume that the conditions

n=1

below hold.

[ee]
Condition 3.2. (C1) Zan < 00

n=0



(C2) limsupo, = 1.

n—oo
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+oo
(€3) > llenll < oo

n=0

(C4) There exists a constant M,, > 0 foralln > 0

Then (xy,)n>0 is bounded.
Proof. Letn € Nand u € F(T'). Then, consider

Using (3.2), we have

lzn — ul

INIA TN

IN

lonzn — ul|

lyn —ull = ||©n + On(p — 2n1) —

lxn — | + Onllzn — zp—1]|- (3.2)

IN

11 = an)T"yn — ull = [|(1 = an)(T"yn — u) — anull

(1 = an)[[T"yn — ull + an|lu]

(1= an) [llyn — ull + pn&([lyn — ul) +en] + anllul.-

(1 —an) [[|zn — ull + Onllzn — zn-1ll + pné(|zn — ull + Onllzn — zn-1l])

+en] + anljull.

(1= an)(1 + pn) [llon — ull + Onllzn — 2ol + (1 — an)llenll + anl[ull. (3.3)
By using (3.3), it can be observed that

IA N

IN

<

lon(zn —u) + (1 = an)ull

Onllzn — ull + (1 — o)l

on [(1 = an) (1 + pa) [[lzn =l + Onllzn — zn1[[] + (1 = an)|len]|
Fanllul] + (1= o)llul

on(1 = an)(1 + pnd) [[|on — ull + Onllon — zp—al]] + on(1 — an)llen|
Fonanuf + (1 = on)|lu]

on(1 = an)(L+ pnl) [[|[zn — ull + Onl|zn — 2n-1ll] + on(1 — an)|en|]
(1= (1 — ) u] (3.4

Using (3.4), for connecting, we will have

1201 — ull

(VAN VAN VAN VAR VAN

IN IN

IN

lonzn + bp(T"0pzn — opzyn) + €, — ul

(1= bn)llonzn — ull + bn || T"on2zn — ull + [enl|

(1 = bn)llonzn — ull + by (lonzn — ull + pnéllonzn — ull +en) + |l€ll
(1 + bppnd)llonzn — ul| + bnen + [lenl|

(1 + bppnf) [on(1 — an)(1 + pad) [llzn — ull + Onllxn — zn-1][]
+0on(1 —ap)len| + (1 — on(l — an))||ul]] + bnen + [l

(14 bppn&)on(l = an)(1 + paé) [llrn — ull + Opllzn — zn—1]]

T+ bppn&)on(l — an)lenll + (1 + bppng) (1 — on (Ll — an))|lul|
+bnen + |lenl|

(1 + bnpn&)on(l — an)(1 + pné) |zn — ull + (1 + bppné)on(l — an)
(1 + n&)On | — w1l + (1 + bppn&)on(l — an)||en||

(1 + bppin&) (1 — on(L = an))|[ull + bnen + |lenl

(1 — By + pnlllzn — ul] + 0n + A (3.5)
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where
Bn = 1—op(l—ay)
tn = (14 bppn&)on(l — an)(1 + pnf)
on = (14 bppn&)(1 = on(l — an))ull
A = (L4 bppn€)on(l — an)(1 + pn&)On||zn — zn-1l| + bnen
Letting p,, = ||z, — u| in (3.5), we obtain
Pn+1 < [1 - Bn + #n]pn + 571 + )\n
Hence, by Lemma 2.6, the sequence ||x,, — u|| is bounded. Consequently, {z, } ,>0 is bounded. O

Lemma 3.3. Let C' be a nonempty closed convex subset of the real Hilbert space H. LetT' : C' — C be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with F(T) # 0, and let (xy)n>0
be defined by Algorithm (3.1). Let (6,)n>1 C [0,60] with @ € [0,1) such that Y > | Op||zy — zp_1] <
+00. Assume that conditions 3.2 hold. Then ||z, 41 — || — 0 asn — +o0.

Proof. Letn € Nand y € F/(T). Then, let us consider

Hyn - yn—1|| = Hxn — Tp_1+ en(«rn - «'En*l) - anl(xnfl - $n72)H

Hmn - xnfl” + eonn - xnfln + 9n71||$n71 - $n72”' (3-6)

IN

By using (3.6), we get that

lzn —2znall = (1 —=an)T"yn — (1 = an—1)T"yn-1||

|
=~
—
|
S
S
~
N~
S
<
3
|
N
3
<
3
L
~—
|
—~
S
S
|
S
1
—
~—
N
S
<
1
=

(
(1= an)[(T"yn = T"yn-1)|| + |(an — an—D)[[T"yn—1 ]|
|

< )l

< (1= an) [l — gnot |+ €l — Hnall + €n] + [(@n — an DI T 91,

< (1= an) [+ nE)ln — v ]|+ n] + (@ — an) [T

< (=an) [(T+ &) llyn — yn-1ll + en] + [(an — an—1)|Mn,

< (T —=an) [(T+ pé)(|2n — Zn-all + Onllzn — o1l + On-1llTn—1 — Tn—2l|)
ten] + [(an — an—1)| M

< (1 =an)(I+ pné) [([zn — Zn-1ll + Onllzn — -1l + On-1llTn-1 — Tn—2l|)

+en] + (1 — ap)|(an — an—1)| M (3.7)

where M, := sup{||T"yn—1| : n € N}. By connecting (3.7) with the inequality below, we obtain that

”O-nzn - O'nflznfln = Ho'n(zn - anl) + (Un - O'nfl)znfln
< O-nHZn*anlH +|O‘n*0'n,1|HZn,1||,
< on[(1 = an)( + pn) [([[Tn — Tp-1| + Onllzn — Tn-1|

+ On—1]|Tn—1 — Tn-2) + &n] + (1 — an)|(an — an—1)[Mi]

+lon — on-1llzn-1ll,

on [(1 = an)(1 + pnl) [(|2n — zn-1ll + Onllzn — zn-1]]

+ On-1l|zn—1 — zn-2l]) + &n] + (1 — an)|(an — an—1)[Mi]

+|op — op—1|Ma, (3.8)

IA
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where My := sup{||z,—1|| : » € N}. By employing (3.8), we have the following: ||z, +1 — |

||(]- - bn)anzn + bnTnUnzn + €En — ((1 - bnfl)anflznfl + bnflTno'nflznfl + enfl)H
||(1 - bn)(gnzn - U7L—lzn—1) + |bn - b7z—1|(0n—lzn—1) + bn(TnO'nZn - Tnan—lzn—l)

+|bn - bnfl‘(TnO'nflznfl) + (en - 6nfl)H

< (1 =bu)|lonzn — on—12n-1ll + |bn — bn_1lllon-12n-1ll + bnl|T"onzn — T"0n_12n_1l|
+1bn = bn-1[[|[T"on—12n-1[l + [[€n — €n—1l|
< (I =bu)llonzn = on—1zn-1ll + [bn — bu-alllon—120—1ll + bn [|on2zn — On_12n1]|
Hnéllonzn — on—12n-1ll + &n] + [bn — bp1[[|T"On—12n-1 + |l€x — €n—1]|
< (1= bppné)|lonzn — on—12n-1ll + bnen + |bn — bn-1lllon-12n-1]|
+on = b1 |[|[T"on—12n-1| + |l€n — €n1]|
< (1= bugin) [om [(1 = ) (U p1n) (0 = Tt | + Oulln — 2
HOn—1]|Tn—1 — Tn_2||) +en] + (1 — an)|(an — an—1)|Mi]
+on — op_1|Ma] 4 bpen + |bn — bn_1|||on—12n-1]]
+1bn = bn-a|[|[T"0n—12n—1ll + [[€n — €n—1l|
< (1 =bapnb)on(l = an)(1 + pud)l|rn — -1l + (1 = bppn&)on(l — an)(1 + pn)Onl|xn — Tn_1||
+(1 = bppin&)on(1 = an) (1 + pn)fn-1llzn—1 — zn—all + (1 = bupn&)on (1 = an) (1 + pné)en
+on(1 —an)|(an — an—1)|M1 + (1 — bppné)|on — on_1|Ma + bpen,
+[bn — bp—1| M3 + [l€n, — €n—1]|
= [1=Bn+ plllzn = znall + 60 + An
(3.9)
where
Bn = 1—o0,(1—ay,)
pn = (1= bppn&)on(l —an)(l + pnf)
on = (1= bppn&)on(l — an)(1 + pné)bnllzn — zn-1||
+(1 = bnpn&)on(l — an) (1 + pnf) [On—1l|Tn—1 — Tp—2| + x]
+on(1 = an)|(an — an—1)|M1 + (1 = bppin)|on — on—1|Ma
Ao = bnen + by — bp1|Ms + |len — en—1]|
where M3 = sup{||T"on—12n—1| + ||on—12n—1|| : n € N}. Letting p,, = ||z, — Zp—1]| in (3.9), we
obtain
Prt1 < [1 = Bn + tn)pn + 0n + A
Hence, by Lemma 2.6, the sequence ||x,, — z,,—1]| is bounded. Consequently, we conclude that
|Tnt1 — znl] = 0 asn — 4oc.
O

Theorem 3.4. Let C be a nonempty closed convex subset of the real Hilbert space H. LetT : C' — C' be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with and let (zy,)n>0 be defined

by

xo,x1 € H.
Yn = Tp + gn(mn - l'n—l)y
Zn = (1 - an)Tnyna

Tng1 = Onzn + bp (T opnzy — opzp) + €n, VY > 1,

(3.10)



44 E. C. AKALIGWO, M. O. OSILIKE, G. B. AKUCHU

where (0,)n>1 C [0,0] with6 € [0,1), (an)n>1, (bn)n>1 C [0,1), (0n)n>1 € [0,1], and (ep)n>1 € H
0

are sequences such that lim,,_, ||xy, — T" x| = 0 and the Fiz(T) . Assume that these conditions
hold
[e.e]
(C1) Zan < 00
n=0
(C2) limsup o, = 1.
Tl—>00
(C3) Z lenl| < oo

(C4) Yhere exists a constant My, > 0 foralln > 0
If[|[T"0n2n — onznll — O, then the sequence (z,,)n>0 converges strongly to & := Pp(7)(0).
Proof. From Lemma 3.1, we have (x,,),>0 is bounded. Since F(T) # 0, yp, = xn + On(zn — Tp_1)
and 2z, = (1 — an)T"Yn, 50 (Yn)n>0 are also bounded. Let & := Pp(7)(0). Then & € F(T). By using
Lemma 2.4, we get that
llyn — §3||2 = lzn — 2+ bn(zn — xn71)||2 < ln — §C||2 + 20n(xn — &, Tp — Tp-1)-
< lwn — 217 + Onll(2n — 2na1) P L (3.11)

A~

k where L := sup{2||x,, — Z|| : n € N}. Therefore, using equation (3.11), we get that

||Zn - i‘”Q = | 1 - an)Tnyn x”2 HT"yn - - anTnynH2

|
- H ) (a9 ey ™)

1 n . —an " an .
= (1—an)’ <(1_a)|(T yn — 2)|I° + WHT ynll® + (1_a)2||117||2)
(1= a)IT"yn = 2l* = an(1 = au) | T"yu || + anl2|

(1= an) [llyn = 2I* + pn€llyn — 21* + €n] = an(l = an)IT"yul* + anl|2]|?

< (1= an) [(1+ pnl) [lon = 2[° + 0nll(n — 2a-1) P La] + &n]
—an(1 - an)HT"ynHZ + an||j||2
< (T=an)d+ pnd)llzn — 33”2 + (1 = an)(1 + pn&)Onll(zn — xnfl)”QLl

+(1 = an)en — an(l — an)||Tnyn||2 + an||£||2
(3.12)

Employing (3.12), we obtained that

Han(zn — )+ (on — 1)33”2

onllzn = 2I* + 200 (1 = 00) (~&, 20 — &) + (1 — 00)?|| 2]

lonzn _3%”2

< on (1= an) (1 + pné)lzn = 2] + (1= an) (1 + pn&)0n | (20 — 2p1)|I° L
+(1 = an)en — an(l = an) | T"ynl|* + anl|Z|?) + 200 (1 — o) (=%, 2, — 2)
+(1 = 0,)?[ ]

< on(l = an)(1+ pab)llzn — 21 + 0 (1 = an) (1 + pn&)Onll(2n — 201)|*La

+‘7721(1 — ap)en — Uian(l — an)|I Ty + 0-7210'n||jj||2 + 20, (1 = on)
(=i, 20 — &) + (1= 0n)?[|2]?
(3.13)
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By using (3.13), it can be observed that

lonzn + b (T"0pzn — opzn) +ep — &

(1 = bp)(Onzn — &) + bu(T"0nzn — 2) + &0

(1 =) (0nzn — &) + bp(T"0nzn — 2)||? + 2 (Tny1 — 2, 65)

(1 = bp)||onzn — &|> + bu | T 0nzn — &||> + ||en|| L2

(1= bn)llonzn — 217 + bn [lonza — 21° + pnllonzn — &1 + €n] + llenll L2
(1= bn)llonzn — 217 + ba [(1+ pn)llonzn — 2[|° + €n] + llenl| Lo
(1
(1

2ns1 — 2

IN N IN

IN

+ b piné) |l onzn — xHQ + bnen + |lenl| L2

+ bupin) o (1 = ap) (1 + pnf) |2 — 2|

(1 + bupn€) o (1 = an) (1 + pn€)bnl|(wn — zp—1)|I L

(L4 bppn€)on(1l = an)en — (14 bppn€)onan(l — an) || T"yn
+(1 + bppné)o anHa}HZ +2(1 4 bppné)on(1 — o) (=2, 2y, — T)
+(1+ bnpné) (1 — on) HHCH2 + bnen + [len|| L2

[1—Bn+ Mn]ﬂi + 0

IAIN

+

IN

(3.14)

where Ly := sup{2||zp+1 — Z|| : n € N} and

Bn = 1l—0 (1 —ap)
pn = (1+ bnﬂng)an(l — an)(1+ pnf)
o = (1+ bnﬂng)ai(l — an)(1 + &) On || (xn — xnfl)”QLl

+(1+ bnﬂnf)ag(l —an)en — (1+ bn,unﬁ)a,%an(l - an)||Tnyn”2

+(1 + bppn€)oian||2]|* + 2(1 + bppné)on(l — 04) (—2, 2, — 2)
+(1+ bppn€) (1 = 00)?||2[| + b + [lenl Lo

Letting p,, = ||z, — | in (3.14), we obtain

Pq21+1 <[1—Bn+ Hn]pi + n.

Hence, by Lemma 2.7 the sequence ||x,, — || is bounded. Next, we will prove that || 7" 0,2z, —0pn2p|| — 0
as n — co. We observe that

[T"2ni1 = 2nll = [[T"Zn41 = (1 = an)T"yn|| = [[T"Tn41 — T"yn + anT"yn ||

| T"Zns1 = T"yn|| + anl|T"yn |

[Zn+1 — Ynll + n€llTn+1 — ynll +&n + anLs

(I + pnf)llzn1 — Yull + €n + anls

(14 pné)||Tnt1 — Tn — Op(Tn — 2p—1)|| + €n + anLs

(L4 pnd)l|znt1 — nll + (1 + 1n&)Onll(2n — n-1)|| + &n + anLs
(3.15)

IANIA A A IA
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where L3 := sup{||T"yx| : n € N}. By using (3.15), we get that

IT"0nzn — onznll IT"0nzn — T xpi1 + T Tp1 — onznl|

[T"onzn = T"@pia || + [[T"Tnt1 — onznl|

(1 pin)l0mn — s l| + €+ (1 = 0) T 21 + (T 2ns1 — 20|
(1 + uné)l|onzn — (onzn + bn(T"0n2n — onzn) + €,)||

+|(1 = 0p)T " xpt1 + 0n (T pt1 — 20)|| + €n

(L4 pn&)bnl| T onzn — onznll + (1 + pné)llenll + (1 — on) Ly

+on||[T" Tni1 — zn|| + €n

(1 + pn&)bn | T" onzn — onznll + (1 + pné)llenll + (1 — 00)La

Fon [(L+ &) |2nt1 — @nll + (1 + &) Onl|(2n — 2n—1)|

+en + anLs] + ey

ININ TN

IN

IN

(3.16)

where Ly := sup{||T"zp+1]| : n € N}. It follows from (3.16), conditions (C'1), (C3), (C4) and Lemma
3.3 that
1
< 1 n n 1—o0p)L
+on [(1+ ) l|znt1 — 2all + (1 + &) 0n[(2n — 2p—1)|
+€n + anL3] + En

| T"onzn — onznll

— 0asn — oo (3.17)
From (3.17) we conclude that
lim ||Tonzn — onznl| = 0. (3.18)
n—oo

Next, we expect that the sequence (x,,),>0 converge strongly to & which is enough to show that

limsup (—Z, 2, — ) <0 (3.19)

n—o0

Let us assume on the contrary that (3.19) does not hold. Then, there exists a real number r > 0 and a
subsequence (zy,, )m>1 € (2n)n>1 such that

(=, 2z, — &) >1r >0, Vm > 1.
The boundedness of (2y,,)m>1 implies that there is a subsequence (zy,, )i>1 of (2n,,)m>1 such that

P, — % € H as | — +o0. Therefore,

0<r< lim <—:e, Zrmy — a:> = (—d,z— &) (3.20)

l—o0

since limy,_,~ 0y, = 1, so we get that
Oniny Znmy, — % @S T — 00, (3.21)
By (3.18), (3.21) and Lemma 2.5, it implies that z € F/(T). Due to Lemma 2.3, the inequality
(—2,z—2)=(0—-2,2—2) <0

is valid which causes a contradiction with (3.20). Therefore, it leads to the conclusion (3.19) is true. And
then, condition (C2) ensures that

limsup (20, (=2, 2, — &) + (1 — Un)”£||2) <0.

n—o0
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Finally (3.14) and Lemma 2.2 (2) give us the desired result, that is

lim x, = Z.

n—oo
The proof is complete. 0
Remark 3.5. Let {&,}n>1 C [0, +00) be the sequence such that Y 7 | &, < +o0. Then, we define
. €n .
én _ mln{e,m} s lfl'n #xn_17
0, otherwise,

where (z,,),>0 and 6 are taken from Theorem 3.4. Next, if (6,,),>1 is chosen from [0, 9~n] foralln € N,
then it is not hard to verify that

[oe)
Z Onllxn — xn-1]] < +00.
n=1

Corollary 3.6. Let C' be a nonempty closed convex subset of the real Hilbert space H. LetT : C' — C' be
a uniformly Lipschitzian and total asymptotically nonexpansive mapping and let (z,,)n>0 be defined by

xo,r1 € H.
Yn = SpTn + (1 - Sn)xnflv

Zn = (1 - an)Tnyna
Tnt1 = onzp + b (T"opzn — opzn) + €p, Y0 > 1,

(3.22)

where (Sn)nzl - (0, 1) and limn_ﬂ Sp = S € (0, 1), (an)nzl, (bn)n>1 - [0 1) ( n)nZl - [0 1], and
(en)n>1 € H are sequences such that lim,_,« ||z, — T"x,|| = 0 and the Fix(T) # 0. Assume that
these conditions in Theorem 3.4 holds. If ||T"opzn, — onzn|| — 0, then the sequence (z,,)n>0 converges
strongly to & := Pp7)(0).

Proof. Take 6,, = s, — 1 in Theorem 3.4. Let (sp)p>1 C (0,1) and lim,, 418, = s € (0,1) with
condition (3.2) satisfied, hence the conclusion of the proof follows from Theorem 3.4, this completes
the proof. g

Remark 3.7. Corollary 3.6 studied the strongly convergence theorem without the monotonic increase
of the sequence {s;,}, and so improves and extends the main results in [3].

Corollary 3.8. Let C' be a nonempty closed convex subset of the real Hilbert space H. LetT' : C' — C' be
a uniformly Lipschitzian and total asymptotically nonexpansive mapping and let (xy,)n>0 be defined by

xg,x1 € H.

Yn = %(wn + Tn-1),

zn = (1 = an)T"yn,

Tnt1 = opzp + b (T"op2zy — opzn) +€p, ¥ >1,

(3.23)

where (ap)n>1, (bn)n>1 C [0,1), (0n)n>1 C [0,1], and (en)n>1 € H are sequences such that
limy, 00 ||2n, — T™2y|| = 0 and the Fix(T') # (). Assume that these conditions in Theorem 3.4 holds.
If[[T"on2n — onznll — O, then the sequence (z,,)n>0 converges strongly to & := Pp(7)(0).

Proof. Take s, = % in Corollary 3.6. Let (s,)n>1 C (0,1) and lim,_,1 s, = s € (0, 1) with condition
(3.2) satisfied, hence the conclusion of the proof follows from Theorem 3.4, this completes the proof. [

Remark 3.9. Corollary 3.6 and 3.8 are new consequences.
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4. APPLICATION TO VARIATIONAL INEQUALITY PROBLEM

Assume that C' is a nonempty closed convex subset of a real Hilbert space H. Let A: H — H be a
single-valued monotone operator such that C' C dom(A). Next we consider the following variational
inequality (VI):

(Azg,z — z9) >0, z€C. (4.1)
Notice that VI (4.1) is equivalent to the fixed point problem, for any A > 0,
Pc(I — )\A):EO = . (4.2)
Definition 4.1. A nonlinear mapping A : H — H is L—Lipschitzian for some L > 0, if
Az — Ayl < Lllz —yl, Va,y € H.
Definition 4.2. A nonlinear mapping A : H — H is n-inverse-strongly monotone, for some 1 > 0, if

If A is Lipschitzian and 7-inverse-strongly monotone, it is well known that the operator ' = Po (I —
AA) is nonexpansive provided 0 < A < 27). Thus, we can get the following theorem.

Theorem 4.3. Assume that C' is a nonempty closed convex subset of the real Hilbert space H. Let A :
H — H be an L—Lipschitzian and n-inverse-strongly monotone mapping and f : C' — C' a contraction
with coefficient o € [0,1). Assume VI (4.1) is solvable. Let {x,,} be a sequence generated by

o, x1 € H.
Yn = Tp + en(xn - xnfl)a

zn = (1 = an)Po(l — pA)yn,
Tnt1 = Onzn f(Tn) + bp(Po(l — AA)opzn — 0pzn) +n, Vn > 1,

(4.4)

where 0 < A < 2n and (0,)n>1 C [0,60] with 0 € [0,1), (an)n>1, (bn)n>1 € [0,1), (on)n>1 C [0,1],
and (ep)n>1 C H are sequences such thatlim,,_, ||z, —T"xy|| = 0. Assume that conditions in Theorem
3.4 holds. Then, the sequence (z,,)n>0 converges strongly to the variational inequality

(I - f)zg,x —x0) >0, =€ A™L0). (4.5)

5. CONCLUSION

We have shown that the convergence theorems for modified Krasnoselskii-Mann iteration with step
size used for approximating the fixed points of total asymptotically nonexpansive mappings in Hilbert
spaces could be derived from the corresponding convergence theorems in the class of nonexpansive-
type mappings. Furthermore, we obtained a unifying technique of proof for various well known results
in the fixed point theory of total asymptotically nonexpansive mappings in literature. The results clearly
generalizes and extend some existing results in literature

STATEMENTS AND DECLARATIONS

The authors declare that they have no conflict of interest, and the manuscript has no associated data.

ACKNOWLEDGMENTS

The authors are grateful to Pastor E.A Adeboye professorial chair, Department of Mathematics, Uni-
versity of Nigeria, Nsukka.



(1]
(2]
(3]

(13]
(14]
(15]

(16]

(17]
(18]
(19]

(20]

MODIFIED INERTIAL-TYPE KRASNOSEL’SKII-MANN ITERATIVE ALGORITHM 49

REFERENCES

Y. Alber, C. Chidume, and H. Zegeye. Approximating fixed points of total asymptotically nonexpansive mappings. Fixed
Point Theory and Applications, 2006:Article ID 10673, 2006.

Y. Alber, R. Espinola, and P. Lorenzo. Strongly convergent approximations to fixed points of total asymptotically non-
expansive mappings. Acta Mathematica Sinica, English Series, 24:1005-1022, 2008.

N. Artsawang, S. Plubtieng, O. Bagdasar, K. Ungchittrakool, S. Baiya, and P. Thammasiri. Inertial krasnosel’skil-mann
iterative algorithm with step-size parameters involving nonexpansive mappings with applications to solve image restora-
tion problems. Carpathian Journal of Mathematics, 40(2):243-261, 2024.

N. Artsawang and K. Ungchittrakool. Inertial mann-type algorithm for a nonexpansive mapping to solve monotone
inclusion and image restoration problems. Symmetry, 12(5):Article ID 750, 2020.

H. H. Bauschke and P. L. Combettes. Hilbert spaces. In Convex Analysis and Monotone Operator Theory in Hilbert Spaces,
pages 27-47. Springer, Cham, 2017.

G. Cai, Y. Shehu, and O. S. Iyiola. Viscosity iterative algorithms for fixed point problems of asymptotically nonexpansive
mappings in the intermediate sense and variational inequality problems in banach spaces. Numerical Algorithms, 76:521-
553, 2017.

C. E. Chidume. Geometric Properties of Banach Spaces and Nonlinear Iterations, volume 1965 of Lecture Notes in Mathe-
matics. Springer, Verlag, New York, 2009.

K. Goebel and W. A. Kirk. A fixed point theorem for asymptotically nonexpansive mappings. Proceedings of the American
Mathematical Society, 35(1):171-174, 1972.

P. Hartman and G. Stampacchia. On some non-linear elliptic differential-functional equations. Acta Mathematica,
115:271-310, 1966.

G. E. Kim. Strong convergence to a fixed point of a total asymptotically nonexpansive mapping. Fixed Point Theory and
Applications, 2013:Article ID 302, 2013.

T. C. Lim and H. K. Xu. Fixed point theorems for asymptotically nonexpansive mappings. Nonlinear Analysis, 22:1345-
1355, 1994.

P. U. Nwokoro, M. O. Osilike, D. F. Agbebaku, E. E. Chima, and A. C. Onah. A new halpern-type averaging algorithm
with inertial and error terms for fixed points of asymptotically nonexpansive maps. Journal of Mathematical and Com-
putational Science, 10(5):1538—-1558, 2020.

E. U. Ofoedu and A. C. Nnubia. Approximation of minimum-norm fixed point of total asymptotically nonexpansive
mapping. Afrika Matematika, 26:699-715, 2015.

E. U. Ofoedu and H. Zegeye. Further investigation on iteration processes for pseudocontractive mappings with applica-
tion. Nonlinear Analysis: Theory, Methods & Applications, 75:153-162, 2012.

J. G. O’Hara, P. Pillay, and H. K. Xu. Iterative approaches to finding nearest common fixed points of nonexpansive
mappings in hilbert spaces. Nonlinear Analysis: Theory, Methods & Applications, 54:1417-1426, 2003.

G. A. Okeke and A. E. Ofem. A novel three-step implicit iteration process for three finite family of asymptotically
generalized ¢-hemicontractive mapping in the intermediate sense. Applied Mathematics Journal of Chinese Universities,
38:248-263, 2023.

A. Pansuwan and W. Sintunavarat. A new iterative scheme for numerical reckoning fixed points of total asymptotically
nonexpansive mappings. Fixed Point Theory and Applications, 2016:Article ID 83, 2016.

J. Schu. Weak and strong convergence to fixed points of asymptotically nonexpansive mappings. Bulletin of the Australian
Mathematical Society, 43(1):153-159, 1991.

Y. Shehu, O. S. Iyiola, and F. U. Ogbuisi. Iterative method with inertial terms for nonexpansive mappings: applications
to compressed sensing. Numerical Algorithms, 83:1321-1347, 2020.

J. Shen, C. Li, and J. Chen. Strong convergence theorems of generalized viscosity implicit rules for fixed points of
total asymptotically nonexpansive mappings in hilbert spaces. IAENG International Journal of Applied Mathematics,
54(10):1931-1937, 2024.

W. Takahashi. Nonlinear Functional Analysis. Yokohama Publisher, Yokohama, Japan, 2000.

] W. Takahashi. Introduction to Nonlinear and Convex Analysis. Yokohama Publishers, Yokohama, Japan, 2009.

K.-K. Tan and H. K. Xu. Approximating fixed points of non-expansive mappings by the ishikawa iteration process.
Journal of Mathematical Analysis and Applications, 178:301-301, 1993.

K. Ungchittrakool, S. Plubtieng, N. Artsawang, and P. Thammasiri. Modified mann-type algorithm for two countable
families of nonexpansive mappings and application to monotone inclusion and image restoration problems. Mathematics,
11(13):Article ID 2927, 2023.

H. Zegeye and N. Shahzad. Approximation of the common minimum norm fixed point of finite family of asymptotically
nonexpansive mappings. Fixed Point Theory and Applications, 2013:Article ID 1, 2013.



	1. Introduction
	2. Preliminaries
	3. Main Result
	4. Application to Variational Inequality Problem
	5. Conclusion
	Statements and Declarations
	Acknowledgments
	References

