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1. Introduction

Let C be a closed, convex and nonempty subset of real Hilbert space H . A nonlinear mapping
T : C → C is said to be

(i) a contraction if there exists a constant α ∈ [0, 1) such that

∥T (x)− T (y)∥ ≤ α∥x− y∥, ∀x, y ∈ C; (1.1)

when α = 1, then T is called nonexpansive;
(ii) asymptotically nonexpansive if there exists a real sequence {µn} ⊆ [0,+∞) with limn→∞ µn =

0 such that

∥Tnx− Tny∥ ≤ (1 + µn)∥x− y∥, ∀x, y ∈ C, n ≥ 1; (1.2)

(iii) asymptotically nonexpansive in the intermediate sense if T is uniformly continuous and

lim sup
n→∞

sup
x,y∈C

(∥Tnx− Tny∥ − ∥x− y∥) ≤ 0; (1.3)

if we let

ξn = max

{
0, sup

x,y∈C
(∥Tnx− Tny∥ − ∥x− y∥)

}
,

then limn→∞ ξn = 0, and the inequality becomes

∥Tnx− Tny∥ ≤ ∥x− y∥+ ξn, ∀x, y ∈ C, n ≥ 1;

(iv) generalized asymptotically nonexpansive if there exist sequences {µn}, {ξn} ⊆ [0,+∞) with
µn → 0, ξn → 0 as n → ∞, such that

∥Tnx− Tny∥ ≤ (1 + µn)∥x− y∥+ ξn, ∀x, y ∈ C, n ≥ 1; (1.4)
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(v) ({µn}, {ξn}, ζ)-total asymptotically nonexpansive if there exist sequences
{µn}, {ξn} ⊆ [0,+∞) with µn → 0, ξn → 0 as n → ∞, and a strictly increasing continuous
function ζ : R+ → R+ with ζ(0) = 0, such that

∥Tnx− Tny∥ ≤ ∥x− y∥+ µnζ(∥x− y∥) + ξn, ∀x, y ∈ C, n ≥ 1; (1.5)

(vi) uniformly L-Lipschitzian if there exists a constant L > 0 such that

∥Tnx− Tny∥ ≤ L∥x− y∥, ∀x, y ∈ C, n ≥ 1. (1.6)

Note that If ζ(x) = x, total asymptotically nonexpansive mappings coincide with generalized asymp-
totically nonexpansive mappings. In addition, if µn = 0 for all n ∈ N, then generalized asymptoti-
cally nonexpansive mappings coincide with asymptotically nonexpansive mappings in the intermediate
sense; if ξn = 0, then generalized asymptotically nonexpansive mappings coincide with asymptotically
nonexpansive mappings, if µn = 0 and ξn = 0, then we obtain nonexpansive mappings. These classes
of mappings had been studied extensively by several authors (see e.g. [7, 8, 11, 15, 25]). In 2016, Alber
et al. [1] introduced the concept of total asymptotically nonexpansive mappings that generalizes the
family of mapping that are the extension of asymptotically nonexpansive mappings. The following
examples show that total asymptotically nonexpansive mappings properly contain the asymptotically
nonexpansive mappings.

Example 1.1. [13] Let E = R× ℓ1 be endowed with the norm

∥ · ∥E = | · |R + ∥ · ∥ℓ1 .

Let K be a subset of E defined by
K := [0, 1]×B,

where B is a closed unit ball of ℓ1. For all u ∈ [0, 1] and x̄ = (x1, x2, x3, . . .) ∈ B, define T : K → K
by

T (u, x̄) =


(
1

3
,

(
0,

|x1|2

3
,
x2
3
,
x3
3
,
x4
3
, . . .

))
, u ∈

[
0,

1

3

]
,(

0,

(
0,

|x1|2

3
,
x2
3
,
x3
3
,
x4
3
, . . .

))
, u ∈

[
1

3
, 1

]
.

(1.7)

We want to show that T given by (1.7) is not continuous and therefore cannot be asymptotically non-
expansive but satifies condition (1.5).

Remark 1.2. every asymptotically nonexpansive mapping is uniformly Lipschitzian, so Lipschitz, and
every Lipschitz mapping is continuous

Next, let {bn}n≥1 be a sequence of real numbers such that b1 = 1
3 and limn→∞ bn = 0. Observe that

for all (u, x̄), (v, ȳ) ∈ K ,

∥T (u, x̄)− T (v, ȳ)∥E ≤ |u− v|+ b1 +
1
3 max{|x1|+ |y1|, 1}∥x̄− ȳ∥ℓ1 .

Moreover, for all n ≥ 2 and all (u, x̄), (v, ȳ) ∈ K ,

Tn(u, x̄) =
(
1
3 ,

(
0, 0, . . . , 0, |x1|2

3n , x2
3n ,

x3
3n ,

x4
3n , . . .

))
,

and
∥Tn(u, x̄)− Tn(v, ȳ)∥E ≤ 1

3n max{|x1|+ |y1|, 1}∥x̄− ȳ∥ℓ1 .
So, for all n ≥ 1,

∥Tn(u, x̄)− Tn(v, ȳ)∥E ≤ |u− v|+ ∥x̄− ȳ∥ℓ1 + 2
3n

(
|u− v|+ ∥x̄− ȳ∥ℓ1

)
+ bn. (1.8)
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Thus, with φ : [0,+∞) → [0,+∞) defined by φ(t) = 2t, µn = 1
3n for all n ≥ 1, and {bn}n≥1 any null

sequence with b1 =
1
3 , we obtain from (1.8) that

∥Tn(u, x̄)− Tn(v, ȳ)∥E ≤ ∥(u, x̄)− (v, ȳ)∥E + µnφ
(
∥(u, x̄)− (v, ȳ)∥E

)
+ bn.

Hence, the mapping T defined by (1.7) is total asymptotically nonexpansive but not asymptotically
nonexpansive.

Example 1.3. [10] Let X := R and C := [0, 2]. Define T : C → C by

Tx =


1, x ∈ [0, 1],

1√
3

√
4− x2, x ∈ [1, 2].

(1.9)

Note that Tnx = 1 for all x ∈ C and n ≥ 2, and F (T ) = {1}. Clearly, T is both uniformly con-
tinuous and total asymptotically nonexpansive on C . We want to show that T given by (1.9) is not
asymptotically nonexpansive. Hence, if x ∈ [0, 1], then ∥x − 1∥ = ∥x − Tx∥. Similarly, if x ∈ [1, 2],
then

∥x− 1∥ = x− 1 ≤ x− 1√
3

√
4− x2 = ∥x− Tx∥.

So, we get d(x, F (T )) = ∥x−1∥ ≤ ∥x−Tx∥ for all x ∈ C . But T is not Lipschitzian. Indeed, suppose
not, i.e., there exists L > 0 such that

∥Tx− Ty∥ ≤ L∥x− y∥ for all x, y ∈ C.

If we take x = 2− 1
3(L+ 1)2 > 1 and y = 2, then

1√
3

√
4− x2 ≤ L(2− x) ⇐⇒ 1

3L2 ≤ 2− x

2 + x
.

This is a contradiction.

Definition 1.4. Let C be a nonempty, closed, and convex subset of a real Hilbert space H and let
A : C → H be a nonlinear mapping. The classical variational inequality is to find an x∗ ∈ C such that

⟨Ax∗, x− x∗⟩ ≥ 0, ∀x ∈ C. (1.10)

This is the classical variational inequality problem, and the set of its solutions is denoted bySOL(A,C).
Variational inequality problem in finite dimensional Hilbert spaces was first studied by Hartmann and
Stampacchia [9] for modelling some non-linear elliptic differential-functional equations. Since then,
several numerical methods have been developed which involves finding common solution to variational
inequalities and related optimization problems where the operator is asymptotically nonexpansive in
the framework of Hilbert space (see [17, 3, 24, 19, 4, 14, 20, 7, 6]). Furthermore, Ofoedu and Nnubia
introduced the following algorithm:

Theorem1.5. [13] LetK be a closed convex nonempty subset of a real Hilbert spaceH and letT : K → K
be a uniformly continuous total asymptotically nonexpansive mapping with function φ : [0,+∞) →
[0,+∞) satisfying φ(t) ≤ M0t ∀t > M1 for some constants M0,M1 > 0. Suppose that Fix(T ) ̸= ∅
and let {xn}n≥1 be a sequence generated iteratively from x1 ∈ K by{

yn = PK

[
(1− αn)xn

]
,

xn+1 = (1− βn)xn + βnT
nyn, n ≥ 1,

(1.11)

where {αn}n≥1, {βn}n≥1 are sequences in (0, 1) satisfying the following conditions:
∞∑
n=1

αn = ∞, lim
n→∞

αn = 0, lim
n→∞

α−1
n µn = 0 = lim

n→∞
α−1
n ηn,
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and
0 < ζ0 < βn < ε0 < 1 ∀n ≥ 1 (for some ζ0, ε0 ∈ (0, 1)).

Then {xn}n≥1 converges strongly to PFix(T )(0), which is a minimum norm fixed point of T .

Motivated by Theorem 1.5, we propose the following theorem.

Theorem 1.6. Let C be a nonempty closed convex subset of the real Hilbert spaceH . Let T : C → C be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with and let (xn)n≥0 be defined
by 

x0, x1 ∈ H.

yn = xn + θn(xn − xn−1),

zn = (1− an)T
nyn,

xn+1 = σnzn + bn(T
nσnzn − σnzn) + ϵn, ∀n ≥ 1,

(1.12)

where (θn)n≥1 ⊆ [0, θ] with θ ∈ [0, 1), (an)n≥1, (bn)n≥1 ⊆ [0, 1), (σn)n≥1 ⊆ [0, 1], and (εn)n≥1 ⊆ H
are sequences such that limn→∞ ∥xn − Tnxn∥ = 0 and the Fix(T ) ̸= ∅. Assume that these conditions
hold

(C1)
∞∑
n=0

an < ∞

(C2) lim sup
n→∞

σn = 1.

(C3)
+∞∑
n=0

∥εn∥ < ∞.

(C4) There exists a constantMn > 0 for all n ≥ 0

If ∥Tnσnzn − σnzn∥ → 0, then the sequence (xn)n≥0 converges strongly to x̂ := PF (T )(0).

It is our aim in this paper to prove strong convergence theorem for minimum norm fixed point of
total asymptotically nonexpansive mapping. Our theorems generalize and extend the corresponding
results of several results in literature.

2. Preliminaries

LetH be a Hilbert space with inner product ⟨·, ·⟩ and norm ∥·∥, respectively, and letC be a nonempty,
closed, and convex subset of H . Then we have the nearest point projection from H onto C , PC , defined
by

PC(x) := argmin
z∈C

∥x− z∥2, x ∈ H.

Thus, PC(x) is the only point in C that minimizes the objective ∥x− z∥2 over z ∈ C . Note that PC(x)
is characterized as follows:

PC(x) ∈ C and ⟨x− PC(x), y − PC(x)⟩ ≤ 0, ∀y ∈ C.

In order to prove our results, we need the following lemmas.

Lemma 2.1. [18] Let E be a real uniformly Banach space and 0 ≤ p ≤ tn ≤ q < 1 for all positive
integer n ≥ 1. Also suppose that {xn} and {yn} are two sequences ofE such that lim supn→∞ ∥xn∥ < r,
lim supn→∞ ∥yn∥ < r and limn→∞ ∥tnxn + (1− tn)yn∥ = r hold for some r ≥ 0, then limn→∞ ∥xn −
yn∥ = 0

Lemma 2.2. [23] Let αn and tn be two nonnegative sequences such that

αn+1 ≤ αn + tn, for all n ≥ 1.
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If
∞∑
n=0

tn < ∞, then limn→∞ αn exists.

Lemma 2.3. [5, 21, 22] Let C be a nonempty closed convex subset of H . Then for every w ∈ H and
x̂ ∈ C ,

x̂ = PC(w) if and only if ⟨w − x̂, v − x̂⟩ ≤ 0, ∀v ∈ C.

Lemma 2.4. [21, 22] Let H be a real Hilbert space. Then, the following equality and inequality hold:
i. ∥u+ v∥2 ≤ ∥u∥2 + 2⟨u+ v, v⟩, ∀u, v ∈ H.
ii. ∥αu+ (1− α)v∥2 = α∥u∥2 + (1− α)∥v∥2 − α(1− α)∥u− v∥2, ∀α ∈ R and u, v ∈ H.

Lemma 2.5. [2] Let E be a reflexive Banach space with weakly continuous normalised duality mapping.
LetK be a closed convex subset ofE and let T be a uniformly continuous total asymptotically nonexpansive
mapping fromK into itself with bounded orbit. Then (I − T ) is demiclosed at zero.

Lemma 2.6. [12] Let {ρn}∞n=1, {cn}∞n=1, {ϵn}∞n=1 ⊆ R+ = [0,∞), bn ⊂ (0, 1) and {dn} ⊆ R be
sequences such that

ρn+1 ≤ [1− bn + cn]ρn + dn + ϵn, n ≥ 1.

Let
∞∑
n=1

cn < ∞ and
∞∑
n=1

ϵn < ∞. Then, we have the following:

i. if dn ≤ Mbn, for someM > 0, then {ρn} is bounded

ii. if limn→∞ bn = 0,
∞∑
n=1

bn = ∞ and lim sup dn
bn

≤ 0, then limn→∞ dn = 0.

Lemma 2.7. [16] Let Φ : [0,∞] → [0,∞) be a strictly increasing function with Φ(0) = 0 and let
{ρn}, {λn}, {µn} be nonnegative real sequences such that

∞∑
n=1

λn = ∞, lim
n→∞

µn = 0.

Suppose that
ρ2n+1 ≤ ρ2n − λnΦ(ρn+1) + λnµn, n ≥ 1. (2.1)

Then
lim
n→∞

ρn = 0.

3. Main Result

Lemma 3.1. Let C be a nonempty closed convex subset of the real Hilbert space H . Let T : C → C be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with F (T ) ̸= ∅, and let (xn)n≥0

be defined by 
x0, x1 ∈ H.

yn = xn + θn(xn − xn−1),

zn = (1− an)T
nyn,

xn+1 = σnzn + bn(T
nσnzn − σnzn) + ϵn, ∀n ≥ 1,

(3.1)

Let (θn)n≥1 ⊆ [0, θ] with θ ∈ [0, 1) such that
∞∑
n=1

θn∥xn − xn−1∥ < +∞. Assume that the conditions

below hold.

Condition 3.2. (C1)
∞∑
n=0

an < ∞



MODIFIED INERTIAL-TYPE KRASNOSEL’SKII-MANN ITERATIVE ALGORITHM 41

(C2) lim sup
n→∞

σn = 1.

(C3)
+∞∑
n=0

∥εn∥ < ∞.

(C4) There exists a constantMn > 0 for all n ≥ 0

Then (xn)n≥0 is bounded.

Proof. Let n ∈ N and u ∈ F (T ). Then, consider
∥yn − u∥ = ∥xn + θn(xn − xn−1)− u∥

≤ ∥xn − u∥+ θn∥xn − xn−1∥. (3.2)
Using (3.2), we have

∥zn − u∥ = ∥(1− an)T
nyn − u∥ = ∥(1− an)(T

nyn − u)− anu∥
≤ (1− an)∥Tnyn − u∥+ an∥u∥
≤ (1− an) [∥yn − u∥+ µnξ(∥yn − u∥) + εn] + an∥u∥.
≤ (1− an) [∥xn − u∥+ θn∥xn − xn−1∥+ µnξ(∥xn − u∥+ θn∥xn − xn−1∥)

+εn] + an∥u∥.
≤ (1− an)(1 + µnξ) [∥xn − u∥+ θn∥xn − xn−1∥] + (1− an)∥εn∥+ an∥u∥. (3.3)

By using (3.3), it can be observed that
∥σnzn − u∥ = ∥σn(zn − u) + (1− σn)u∥

≤ σn∥zn − u∥+ (1− σn)∥u∥
≤ σn [(1− an)(1 + µnξ) [∥xn − u∥+ θn∥xn − xn−1∥] + (1− an)∥εn∥

+an∥u∥] + (1− σn)∥u∥
≤ σn(1− an)(1 + µnξ) [∥xn − u∥+ θn∥xn − xn−1∥] + σn(1− an)∥εn∥

+σnan∥u∥+ (1− σn)∥u∥
≤ σn(1− an)(1 + µnξ) [∥xn − u∥+ θn∥xn − xn−1∥] + σn(1− an)∥εn∥

+(1− σn(1− an))∥u∥ (3.4)
Using (3.4), for connecting, we will have

∥xn+1 − u∥ ≤ ∥σnzn + bn(T
nσnzn − σnzn) + ϵn − u∥

≤ (1− bn)∥σnzn − u∥+ bn∥Tnσnzn − u∥+ ∥ϵn∥
≤ (1− bn)∥σnzn − u∥+ bn (∥σnzn − u∥+ µnξ∥σnzn − u∥+ εn) + ∥ϵn∥
≤ (1 + bnµnξ)∥σnzn − u∥+ bnεn + ∥ϵn∥
≤ (1 + bnµnξ) [σn(1− an)(1 + µnξ) [∥xn − u∥+ θn∥xn − xn−1∥]

+σn(1− an)∥εn∥+ (1− σn(1− an))∥u∥] + bnεn + ∥ϵn∥
≤ (1 + bnµnξ)σn(1− an)(1 + µnξ) [∥xn − u∥+ θn∥xn − xn−1∥]

+(1 + bnµnξ)σn(1− an)∥εn∥+ (1 + bnµnξ)(1− σn(1− an))∥u∥
+bnεn + ∥ϵn∥

≤ (1 + bnµnξ)σn(1− an)(1 + µnξ)∥xn − u∥+ (1 + bnµnξ)σn(1− an)

(1 + µnξ)θn∥xn − xn−1∥+ (1 + bnµnξ)σn(1− an)∥εn∥
+(1 + bnµnξ)(1− σn(1− an))∥u∥+ bnεn + ∥ϵn∥

≤ [1− βn + µn]∥xn − u∥+ δn + λn (3.5)
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where

βn = 1− σn(1− an)

µn = (1 + bnµnξ)σn(1− an)(1 + µnξ)

δn = (1 + bnµnξ)(1− σn(1− an))∥u∥
λn = (1 + bnµnξ)σn(1− an)(1 + µnξ)θn∥xn − xn−1∥+ bnεn

Letting ρn = ∥xn − u∥ in (3.5), we obtain

ρn+1 ≤ [1− βn + µn]ρn + δn + λn.

Hence, by Lemma 2.6, the sequence ∥xn − u∥ is bounded. Consequently, {xn}n≥0 is bounded. □

Lemma 3.3. Let C be a nonempty closed convex subset of the real Hilbert space H . Let T : C → C be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with F (T ) ̸= ∅, and let (xn)n≥0

be defined by Algorithm (3.1). Let (θn)n≥1 ⊆ [0, θ] with θ ∈ [0, 1) such that
∑∞

n=1 θn∥xn − xn−1∥ <
+∞. Assume that conditions 3.2 hold. Then ∥xn+1 − xn∥ → 0 as n → +∞.

Proof. Let n ∈ N and y ∈ F (T ). Then, let us consider

∥yn − yn−1∥ = ∥xn − xn−1 + θn(xn − xn−1)− θn−1(xn−1 − xn−2)∥
≤ ∥xn − xn−1∥+ θn∥xn − xn−1∥+ θn−1∥xn−1 − xn−2∥. (3.6)

By using (3.6), we get that

∥zn − zn−1∥ = ∥(1− an)T
nyn − (1− an−1)T

nyn−1∥
= ∥(1− an)(T

nyn − Tnyn−1)− (an − an−1)T
nyn−1∥

≤ (1− an)∥(Tnyn − Tnyn−1)∥+ |(an − an−1)|∥Tnyn−1∥
≤ (1− an) [∥yn − yn−1∥+ µnξ∥yn − yn−1∥+ εn] + |(an − an−1)|∥Tnyn−1∥,
≤ (1− an) [(1 + µnξ)∥yn − yn−1∥+ εn] + |(an − an−1)|∥Tnyn−1∥,
≤ (1− an) [(1 + µnξ)∥yn − yn−1∥+ εn] + |(an − an−1)|M1,

≤ (1− an) [(1 + µnξ)(∥xn − xn−1∥+ θn∥xn − xn−1∥+ θn−1∥xn−1 − xn−2∥)
+εn] + |(an − an−1)|M1

≤ (1− an)(1 + µnξ) [(∥xn − xn−1∥+ θn∥xn − xn−1∥+ θn−1∥xn−1 − xn−2∥)
+εn] + (1− an)|(an − an−1)|M1 (3.7)

where M1 := sup{∥Tnyn−1∥ : n ∈ N}. By connecting (3.7) with the inequality below, we obtain that

∥σnzn − σn−1zn−1∥ = ∥σn(zn − zn−1) + (σn − σn−1)zn−1∥
≤ σn∥zn − zn−1∥+ |σn − σn−1|∥zn−1∥,
≤ σn [(1− an)(1 + µnξ) [(∥xn − xn−1∥+ θn∥xn − xn−1∥

+ θn−1∥xn−1 − xn−2∥) + εn] + (1− an)|(an − an−1)|M1]

+|σn − σn−1|∥zn−1∥,
≤ σn [(1− an)(1 + µnξ) [(∥xn − xn−1∥+ θn∥xn − xn−1∥

+ θn−1∥xn−1 − xn−2∥) + εn] + (1− an)|(an − an−1)|M1]

+|σn − σn−1|M2, (3.8)
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where M2 := sup{∥zn−1∥ : n ∈ N}. By employing (3.8), we have the following: ∥xn+1 − xn∥
= ∥(1− bn)σnzn + bnT

nσnzn + ϵn − ((1− bn−1)σn−1zn−1 + bn−1T
nσn−1zn−1 + ϵn−1)∥

= ∥(1− bn)(σnzn − σn−1zn−1) + |bn − bn−1|(σn−1zn−1) + bn(T
nσnzn − Tnσn−1zn−1)

+|bn − bn−1|(Tnσn−1zn−1) + (ϵn − ϵn−1)∥
≤ (1− bn)∥σnzn − σn−1zn−1∥+ |bn − bn−1|∥σn−1zn−1∥+ bn∥Tnσnzn − Tnσn−1zn−1∥

+|bn − bn−1|∥Tnσn−1zn−1∥+ ∥ϵn − ϵn−1∥
≤ (1− bn)∥σnzn − σn−1zn−1∥+ |bn − bn−1|∥σn−1zn−1∥+ bn [∥σnzn − σn−1zn−1∥

+µnξ∥σnzn − σn−1zn−1∥+ εn] + |bn − bn−1|∥Tnσn−1zn−1∥+ ∥ϵn − ϵn−1∥
≤ (1− bnµnξ)∥σnzn − σn−1zn−1∥+ bnεn + |bn − bn−1|∥σn−1zn−1∥

+|bn − bn−1|∥Tnσn−1zn−1∥+ ∥ϵn − ϵn−1∥
≤ (1− bnµnξ) [σn [(1− an)(1 + µnξ) [(∥xn − xn−1∥ + θn∥xn − xn−1∥

+θn−1∥xn−1 − xn−2∥) + εn] + (1− an)|(an − an−1)|M1]

+|σn − σn−1|M2] + bnεn + |bn − bn−1|∥σn−1zn−1∥
+|bn − bn−1|∥Tnσn−1zn−1∥+ ∥ϵn − ϵn−1∥

≤ (1− bnµnξ)σn(1− an)(1 + µnξ)∥xn − xn−1∥+ (1− bnµnξ)σn(1− an)(1 + µnξ)θn∥xn − xn−1∥
+(1− bnµnξ)σn(1− an)(1 + µnξ)θn−1∥xn−1 − xn−2∥+ (1− bnµnξ)σn(1− an)(1 + µnξ)εn

+σn(1− an)|(an − an−1)|M1 + (1− bnµnξ)|σn − σn−1|M2 + bnεn

+|bn − bn−1|M3 + ∥ϵn − ϵn−1∥
= [1− βn + µn]∥xn − xn−1∥+ δn + λn

(3.9)

where

βn = 1− σn(1− an)

µn = (1− bnµnξ)σn(1− an)(1 + µnξ)

δn = (1− bnµnξ)σn(1− an)(1 + µnξ)θn∥xn − xn−1∥
+(1− bnµnξ)σn(1− an)(1 + µnξ) [θn−1∥xn−1 − xn−2∥+ εn]

+σn(1− an)|(an − an−1)|M1 + (1− bnµnξ)|σn − σn−1|M2

λn = bnεn + |bn − bn−1|M3 + ∥ϵn − ϵn−1∥

where M3 := sup{∥Tnσn−1zn−1∥ + ∥σn−1zn−1∥ : n ∈ N}. Letting ρn = ∥xn − xn−1∥ in (3.9), we
obtain

ρn+1 ≤ [1− βn + µn]ρn + δn + λn.

Hence, by Lemma 2.6, the sequence ∥xn − xn−1∥ is bounded. Consequently, we conclude that

∥xn+1 − xn∥ → 0 as n → +∞.

□

Theorem 3.4. Let C be a nonempty closed convex subset of the real Hilbert spaceH . Let T : C → C be a
uniformly Lipschitzian and total asymptotically nonexpansive mapping with and let (xn)n≥0 be defined
by 

x0, x1 ∈ H.

yn = xn + θn(xn − xn−1),

zn = (1− an)T
nyn,

xn+1 = σnzn + bn(T
nσnzn − σnzn) + ϵn, ∀n ≥ 1,

(3.10)
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where (θn)n≥1 ⊆ [0, θ] with θ ∈ [0, 1), (an)n≥1, (bn)n≥1 ⊆ [0, 1), (σn)n≥1 ⊆ [0, 1], and (εn)n≥1 ⊆ H
are sequences such that limn→∞ ∥xn − Tnxn∥ = 0 and the Fix(T ) ̸= ∅. Assume that these conditions
hold

(C1)
∞∑
n=0

an < ∞

(C2) lim sup
n→∞

σn = 1.

(C3)
+∞∑
n=0

∥εn∥ < ∞.

(C4) There exists a constantMn > 0 for all n ≥ 0

If ∥Tnσnzn − σnzn∥ → 0, then the sequence (xn)n≥0 converges strongly to x̂ := PF (T )(0).

Proof. From Lemma 3.1, we have (xn)n≥0 is bounded. Since F (T ) ̸= ∅, yn = xn + θn(xn − xn−1)
and zn = (1 − an)T

nyn, so (yn)n≥0 are also bounded. Let x̂ := PF (T )(0). Then x̂ ∈ F (T ). By using
Lemma 2.4, we get that

∥yn − x̂∥2 = ∥xn − x̂+ θn(xn − xn−1)∥2 ≤ ∥xn − x̂∥2 + 2θn⟨xn − x̂, xn − xn−1⟩.
≤ ∥xn − x̂∥2 + θn∥(xn − xn−1)∥2L1 (3.11)

k where L1 := sup{2∥xn − x̂∥ : n ∈ N}. Therefore, using equation (3.11), we get that

∥zn − x̂∥2 = ∥(1− an)T
nyn − x̂∥2 = ∥Tnyn − x̂− anT

nyn∥2

=

∥∥∥∥(1− an)

(
1

(1− an)
(Tnyn − x̂) +

−an
(1− an)

Tnyn

)∥∥∥∥2
= (1− an)

2

∥∥∥∥ 1

(1− an)
(Tnyn − x̂) +

−an
(1− an)

Tnyn

∥∥∥∥2
= (1− an)

2

(
1

(1− an)
∥(Tnyn − x̂)∥2 + −an

(1− an)
∥Tnyn∥2 +

an
(1− an)2

∥x̂∥2
)

= (1− an)∥Tnyn − x̂∥2 − an(1− an)∥Tnyn∥2 + an∥x̂∥2

= (1− an)
[
∥yn − x̂∥2 + µnξ∥yn − x̂∥2 + εn

]
− an(1− an)∥Tnyn∥2 + an∥x̂∥2

≤ (1− an)
[
(1 + µnξ)

[
∥xn − x̂∥2 + θn∥(xn − xn−1)∥2L1

]
+ εn

]
−an(1− an)∥Tnyn∥2 + an∥x̂∥2

≤ (1− an)(1 + µnξ)∥xn − x̂∥2 + (1− an)(1 + µnξ)θn∥(xn − xn−1)∥2L1

+(1− an)εn − an(1− an)∥Tnyn∥2 + an∥x̂∥2

(3.12)

Employing (3.12), we obtained that

∥σnzn − x̂∥2 = ∥σn(zn − x̂) + (σn − 1)x̂∥2

= σ2
n∥zn − x̂∥2 + 2σn(1− σn) ⟨−x̂, zn − x̂⟩+ (1− σn)

2∥x̂∥2

≤ σ2
n

(
(1− an)(1 + µnξ)∥xn − x̂∥2 + (1− an)(1 + µnξ)θn∥(xn − xn−1)∥2L1

+(1− an)εn − an(1− an)∥Tnyn∥2 + an∥x̂∥2
)
+ 2σn(1− σn) ⟨−x̂, zn − x̂⟩

+(1− σn)
2∥x̂∥2

≤ σ2
n(1− an)(1 + µnξ)∥xn − x̂∥2 + σ2

n(1− an)(1 + µnξ)θn∥(xn − xn−1)∥2L1

+σ2
n(1− an)εn − σ2

nan(1− an)∥Tnyn∥2 + σ2
nan∥x̂∥2 + 2σn(1− σn)

⟨−x̂, zn − x̂⟩+ (1− σn)
2∥x̂∥2

(3.13)
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By using (3.13), it can be observed that

∥xn+1 − x̂∥2 = ∥σnzn + bn(T
nσnzn − σnzn) + εn − x̂

= ∥(1− bn)(σnzn − x̂) + bn(T
nσnzn − x̂) + εn∥2

≤ ∥(1− bn)(σnzn − x̂) + bn(T
nσnzn − x̂)∥2 + 2 ⟨xn+1 − x̂, εn⟩

≤ (1− bn)∥σnzn − x̂∥2 + bn∥Tnσnzn − x̂∥2 + ∥εn∥L2

≤ (1− bn)∥σnzn − x̂∥2 + bn
[
∥σnzn − x̂∥2 + µnξ∥σnzn − x̂∥2 + εn

]
+ ∥εn∥L2

≤ (1− bn)∥σnzn − x̂∥2 + bn
[
(1 + µnξ)∥σnzn − x̂∥2 + εn

]
+ ∥εn∥L2

≤ (1 + bnµnξ)∥σnzn − x̂∥2 + bnεn + ∥εn∥L2

≤ (1 + bnµnξ)σ
2
n(1− an)(1 + µnξ)∥xn − x̂∥2

+(1 + bnµnξ)σ
2
n(1− an)(1 + µnξ)θn∥(xn − xn−1)∥2L1

+(1 + bnµnξ)σ
2
n(1− an)εn − (1 + bnµnξ)σ

2
nan(1− an)∥Tnyn∥2

+(1 + bnµnξ)σ
2
nan∥x̂∥2 + 2(1 + bnµnξ)σn(1− σn) ⟨−x̂, zn − x̂⟩

+(1 + bnµnξ)(1− σn)
2∥x̂∥2 + bnεn + ∥εn∥L2

≤ [1− βn + µn]ρ
2
n + δn

(3.14)

where L2 := sup{2∥xn+1 − x̂∥ : n ∈ N} and

βn = 1− σ2
n(1− an)

µn = (1 + bnµnξ)σ
2
n(1− an)(1 + µnξ)

δn = (1 + bnµnξ)σ
2
n(1− an)(1 + µnξ)θn∥(xn − xn−1)∥2L1

+(1 + bnµnξ)σ
2
n(1− an)εn − (1 + bnµnξ)σ

2
nan(1− an)∥Tnyn∥2

+(1 + bnµnξ)σ
2
nan∥x̂∥2 + 2(1 + bnµnξ)σn(1− σn) ⟨−x̂, zn − x̂⟩

+(1 + bnµnξ)(1− σn)
2∥x̂∥2 + bnεn + ∥εn∥L2

Letting ρn = ∥xn − x̂∥ in (3.14), we obtain

ρ2n+1 ≤ [1− βn + µn]ρ
2
n + δn.

Hence, by Lemma 2.7 the sequence ∥xn−x̂∥ is bounded. Next, we will prove that ∥Tnσnzn−σnzn∥ → 0
as n → ∞. We observe that

∥Tnxn+1 − zn∥ = ∥Tnxn+1 − (1− an)T
nyn∥ = ∥Tnxn+1 − Tnyn + anT

nyn∥
≤ ∥Tnxn+1 − Tnyn∥+ an∥Tnyn∥
≤ ∥xn+1 − yn∥+ µnξ∥xn+1 − yn∥+ εn + anL3

≤ (1 + µnξ)∥xn+1 − yn∥+ εn + anL3

≤ (1 + µnξ)∥xn+1 − xn − θn(xn − xn−1)∥+ εn + anL3

≤ (1 + µnξ)∥xn+1 − xn∥+ (1 + µnξ)θn∥(xn − xn−1)∥+ εn + anL3

(3.15)
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where L3 := sup{∥Tnyn∥ : n ∈ N}. By using (3.15), we get that

∥Tnσnzn − σnzn∥ = ∥Tnσnzn − Tnxn+1 + Tnxn+1 − σnzn∥
≤ ∥Tnσnzn − Tnxn+1∥+ ∥Tnxn+1 − σnzn∥
≤ (1 + µnξ)∥σnzn − xn+1∥+ εn + ∥(1− σn)T

nxn+1 + σn(T
nxn+1 − zn)∥

≤ (1 + µnξ)∥σnzn − (σnzn + bn(T
nσnzn − σnzn) + ϵn)∥

+∥(1− σn)T
nxn+1 + σn(T

nxn+1 − zn)∥+ εn

≤ (1 + µnξ)bn∥Tnσnzn − σnzn∥+ (1 + µnξ)∥ϵn∥+ (1− σn)L4

+σn∥Tnxn+1 − zn∥+ εn

≤ (1 + µnξ)bn∥Tnσnzn − σnzn∥+ (1 + µnξ)∥ϵn∥+ (1− σn)L4

+σn [(1 + µnξ)∥xn+1 − xn∥+ (1 + µnξ)θn∥(xn − xn−1)∥
+εn + anL3] + εn

(3.16)

where L4 := sup{∥Tnxn+1∥ : n ∈ N}. It follows from (3.16), conditions (C1), (C3), (C4) and Lemma
3.3 that

∥Tnσnzn − σnzn∥ ≤ 1

(1 + µnξ)bn − 1
[(1 + µnξ)∥ϵn∥+ (1− σn)L4

+σn [(1 + µnξ)∥xn+1 − xn∥+ (1 + µnξ)θn∥(xn − xn−1)∥
+εn + anL3] + εn

→ 0 as n → ∞ (3.17)

From (3.17) we conclude that
lim
n→∞

∥Tσnzn − σnzn∥ = 0. (3.18)

Next, we expect that the sequence (xn)n≥0 converge strongly to x̂ which is enough to show that

lim sup
n→∞

⟨−x̂, zn − x̂⟩ ≤ 0 (3.19)

Let us assume on the contrary that (3.19) does not hold. Then, there exists a real number r > 0 and a
subsequence (znm)m≥1 ∈ (zn)n≥1 such that

⟨−x̂, znm − x̂⟩ ≥ r > 0, ∀m ≥ 1.

The boundedness of (znm)m≥1 implies that there is a subsequence (znml
)l≥1 of (znm)m≥1 such that

znml
⇀ z ∈ H as l → +∞. Therefore,

0 < r ≤ lim
l→∞

〈
−x̂, znml

− x̂
〉
= ⟨−x̂, z − x̂⟩ (3.20)

since limn→∞ σn = 1, so we get that

σnml
znml

⇀ z as n → ∞. (3.21)

By (3.18), (3.21) and Lemma 2.5, it implies that z ∈ F (T ). Due to Lemma 2.3, the inequality

⟨−x̂, z − x̂⟩ = ⟨0− x̂, z − x̂⟩ ≤ 0

is valid which causes a contradiction with (3.20). Therefore, it leads to the conclusion (3.19) is true. And
then, condition (C2) ensures that

lim sup
n→∞

(2σn ⟨−x̂, zn − x̂⟩+ (1− σn)∥x̂∥2) ≤ 0.
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Finally (3.14) and Lemma 2.2 (2) give us the desired result, that is

lim
n→∞

xn = x̂.

The proof is complete. □

Remark 3.5. Let {ξn}n≥1 ⊆ [0,+∞) be the sequence such that
∑∞

n=1 ξn < +∞. Then, we define

θ̃n =

{
min

{
θ, ξn

∥xn−xn−1∥

}
, if xn ̸= xn−1,

θ, otherwise,

where (xn)n≥0 and θ are taken from Theorem 3.4. Next, if (θn)n≥1 is chosen from [0, θ̃n] for all n ∈ N,
then it is not hard to verify that

∞∑
n=1

θn∥xn − xn−1∥ < +∞.

Corollary 3.6. Let C be a nonempty closed convex subset of the real Hilbert spaceH . Let T : C → C be
a uniformly Lipschitzian and total asymptotically nonexpansive mapping and let (xn)n≥0 be defined by

x0, x1 ∈ H.

yn = snxn + (1− sn)xn−1,

zn = (1− an)T
nyn,

xn+1 = σnzn + bn(T
nσnzn − σnzn) + εn, ∀n ≥ 1,

(3.22)

where (sn)n≥1 ⊆ (0, 1) and limn→1 sn = s ∈ (0, 1), (an)n≥1, (bn)n≥1 ⊆ [0, 1), (σn)n≥1 ⊆ [0, 1], and
(εn)n≥1 ⊆ H are sequences such that limn→∞ ∥xn − Tnxn∥ = 0 and the Fix(T ) ̸= ∅. Assume that
these conditions in Theorem 3.4 holds. If ∥Tnσnzn − σnzn∥ → 0, then the sequence (xn)n≥0 converges
strongly to x̂ := PF (T )(0).

Proof. Take θn = sn − 1 in Theorem 3.4. Let (sn)n≥1 ⊆ (0, 1) and limn→1 sn = s ∈ (0, 1) with
condition (3.2) satisfied, hence the conclusion of the proof follows from Theorem 3.4, this completes
the proof. □

Remark 3.7. Corollary 3.6 studied the strongly convergence theorem without the monotonic increase
of the sequence {sn}, and so improves and extends the main results in [3].

Corollary 3.8. Let C be a nonempty closed convex subset of the real Hilbert spaceH . Let T : C → C be
a uniformly Lipschitzian and total asymptotically nonexpansive mapping and let (xn)n≥0 be defined by

x0, x1 ∈ H.

yn = 1
2(xn + xn−1),

zn = (1− an)T
nyn,

xn+1 = σnzn + bn(T
nσnzn − σnzn) + εn, ∀n ≥ 1,

(3.23)

where (an)n≥1, (bn)n≥1 ⊆ [0, 1), (σn)n≥1 ⊆ [0, 1], and (εn)n≥1 ⊆ H are sequences such that
limn→∞ ∥xn − Tnxn∥ = 0 and the Fix(T ) ̸= ∅. Assume that these conditions in Theorem 3.4 holds.
If ∥Tnσnzn − σnzn∥ → 0, then the sequence (xn)n≥0 converges strongly to x̂ := PF (T )(0).

Proof. Take sn = 1
2 in Corollary 3.6. Let (sn)n≥1 ⊆ (0, 1) and limn→1 sn = s ∈ (0, 1) with condition

(3.2) satisfied, hence the conclusion of the proof follows from Theorem 3.4, this completes the proof. □

Remark 3.9. Corollary 3.6 and 3.8 are new consequences.
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4. Application to Variational Ineqality Problem

Assume that C is a nonempty closed convex subset of a real Hilbert space H . Let A : H → H be a
single-valued monotone operator such that C ⊂ dom(A). Next we consider the following variational
inequality (VI):

⟨Ax0, x− x0⟩ ≥ 0, x ∈ C. (4.1)
Notice that VI (4.1) is equivalent to the fixed point problem, for any λ > 0,

PC(I − λA)x0 = x0. (4.2)

Definition 4.1. A nonlinear mapping A : H → H is L−Lipschitzian for some L > 0, if

∥Ax−Ay∥ ≤ L∥x− y∥, ∀x, y ∈ H.

Definition 4.2. A nonlinear mapping A : H → H is η-inverse-strongly monotone, for some η > 0, if

⟨Ax−Ay, x− y⟩ ≥ η∥Ax−Ay∥2, ∀x, y ∈ H. (4.3)

If A is Lipschitzian and η-inverse-strongly monotone, it is well known that the operator T = PC(I −
λA) is nonexpansive provided 0 < λ < 2η. Thus, we can get the following theorem.

Theorem 4.3. Assume that C is a nonempty closed convex subset of the real Hilbert space H . Let A :
H → H be an L−Lipschitzian and η-inverse-strongly monotone mapping and f : C → C a contraction
with coefficient α ∈ [0, 1). Assume VI (4.1) is solvable. Let {xn} be a sequence generated by

x0, x1 ∈ H.

yn = xn + θn(xn − xn−1),

zn = (1− an)PC(1− µA)yn,

xn+1 = σnznf(xn) + bn(PC(1− λA)σnzn − σnzn) + εn, ∀n ≥ 1,

(4.4)

where 0 < λ < 2η and (θn)n≥1 ⊆ [0, θ] with θ ∈ [0, 1), (an)n≥1, (bn)n≥1 ⊆ [0, 1), (σn)n≥1 ⊆ [0, 1],
and (εn)n≥1 ⊆ H are sequences such that limn→∞ ∥xn−Tnxn∥ = 0. Assume that conditions inTheorem
3.4 holds. Then, the sequence (xn)n≥0 converges strongly to the variational inequality

⟨(I − f)x0, x− x0⟩ ≥ 0, x ∈ A−1(0). (4.5)

5. Conclusion

We have shown that the convergence theorems for modified Krasnoselskii-Mann iteration with step
size used for approximating the fixed points of total asymptotically nonexpansive mappings in Hilbert
spaces could be derived from the corresponding convergence theorems in the class of nonexpansive-
type mappings. Furthermore, we obtained a unifying technique of proof for various well known results
in the fixed point theory of total asymptotically nonexpansive mappings in literature. The results clearly
generalizes and extend some existing results in literature

Statements and Declarations

The authors declare that they have no conflict of interest, and the manuscript has no associated data.

Acknowledgments

The authors are grateful to Pastor E.A Adeboye professorial chair, Department of Mathematics, Uni-
versity of Nigeria, Nsukka.



MODIFIED INERTIAL-TYPE KRASNOSEL’SKII-MANN ITERATIVE ALGORITHM 49

References
[1] Y. Alber, C. Chidume, and H. Zegeye. Approximating fixed points of total asymptotically nonexpansive mappings. Fixed

Point Theory and Applications, 2006:Article ID 10673, 2006.
[2] Y. Alber, R. Espı́nola, and P. Lorenzo. Strongly convergent approximations to fixed points of total asymptotically non-

expansive mappings. Acta Mathematica Sinica, English Series, 24:1005–1022, 2008.
[3] N. Artsawang, S. Plubtieng, O. Bagdasar, K. Ungchittrakool, S. Baiya, and P. Thammasiri. Inertial krasnosel’skiı̆-mann

iterative algorithm with step-size parameters involving nonexpansive mappings with applications to solve image restora-
tion problems. Carpathian Journal of Mathematics, 40(2):243–261, 2024.

[4] N. Artsawang and K. Ungchittrakool. Inertial mann-type algorithm for a nonexpansive mapping to solve monotone
inclusion and image restoration problems. Symmetry, 12(5):Article ID 750, 2020.

[5] H. H. Bauschke and P. L. Combettes. Hilbert spaces. In Convex Analysis and Monotone Operator Theory in Hilbert Spaces,
pages 27–47. Springer, Cham, 2017.

[6] G. Cai, Y. Shehu, and O. S. Iyiola. Viscosity iterative algorithms for fixed point problems of asymptotically nonexpansive
mappings in the intermediate sense and variational inequality problems in banach spaces.Numerical Algorithms, 76:521–
553, 2017.

[7] C. E. Chidume. Geometric Properties of Banach Spaces and Nonlinear Iterations, volume 1965 of Lecture Notes in Mathe-
matics. Springer, Verlag, New York, 2009.

[8] K. Goebel and W. A. Kirk. A fixed point theorem for asymptotically nonexpansive mappings. Proceedings of the American
Mathematical Society, 35(1):171–174, 1972.

[9] P. Hartman and G. Stampacchia. On some non-linear elliptic differential-functional equations. Acta Mathematica,
115:271–310, 1966.

[10] G. E. Kim. Strong convergence to a fixed point of a total asymptotically nonexpansive mapping. Fixed Point Theory and
Applications, 2013:Article ID 302, 2013.

[11] T. C. Lim and H. K. Xu. Fixed point theorems for asymptotically nonexpansive mappings. Nonlinear Analysis, 22:1345–
1355, 1994.

[12] P. U. Nwokoro, M. O. Osilike, D. F. Agbebaku, E. E. Chima, and A. C. Onah. A new halpern-type averaging algorithm
with inertial and error terms for fixed points of asymptotically nonexpansive maps. Journal of Mathematical and Com-
putational Science, 10(5):1538–1558, 2020.

[13] E. U. Ofoedu and A. C. Nnubia. Approximation of minimum-norm fixed point of total asymptotically nonexpansive
mapping. Afrika Matematika, 26:699–715, 2015.

[14] E. U. Ofoedu and H. Zegeye. Further investigation on iteration processes for pseudocontractive mappings with applica-
tion. Nonlinear Analysis: Theory, Methods & Applications, 75:153–162, 2012.

[15] J. G. O’Hara, P. Pillay, and H. K. Xu. Iterative approaches to finding nearest common fixed points of nonexpansive
mappings in hilbert spaces. Nonlinear Analysis: Theory, Methods & Applications, 54:1417–1426, 2003.

[16] G. A. Okeke and A. E. Ofem. A novel three-step implicit iteration process for three finite family of asymptotically
generalized ϕ-hemicontractive mapping in the intermediate sense. Applied Mathematics Journal of Chinese Universities,
38:248–263, 2023.

[17] A. Pansuwan and W. Sintunavarat. A new iterative scheme for numerical reckoning fixed points of total asymptotically
nonexpansive mappings. Fixed Point Theory and Applications, 2016:Article ID 83, 2016.

[18] J. Schu. Weak and strong convergence to fixed points of asymptotically nonexpansive mappings. Bulletin of the Australian
Mathematical Society, 43(1):153–159, 1991.

[19] Y. Shehu, O. S. Iyiola, and F. U. Ogbuisi. Iterative method with inertial terms for nonexpansive mappings: applications
to compressed sensing. Numerical Algorithms, 83:1321–1347, 2020.

[20] J. Shen, C. Li, and J. Chen. Strong convergence theorems of generalized viscosity implicit rules for fixed points of
total asymptotically nonexpansive mappings in hilbert spaces. IAENG International Journal of Applied Mathematics,
54(10):1931–1937, 2024.

[21] W. Takahashi. Nonlinear Functional Analysis. Yokohama Publisher, Yokohama, Japan, 2000.
[22] W. Takahashi. Introduction to Nonlinear and Convex Analysis. Yokohama Publishers, Yokohama, Japan, 2009.
[23] K.-K. Tan and H. K. Xu. Approximating fixed points of non-expansive mappings by the ishikawa iteration process.

Journal of Mathematical Analysis and Applications, 178:301–301, 1993.
[24] K. Ungchittrakool, S. Plubtieng, N. Artsawang, and P. Thammasiri. Modified mann-type algorithm for two countable

families of nonexpansive mappings and application to monotone inclusion and image restoration problems.Mathematics,
11(13):Article ID 2927, 2023.

[25] H. Zegeye and N. Shahzad. Approximation of the common minimum norm fixed point of finite family of asymptotically
nonexpansive mappings. Fixed Point Theory and Applications, 2013:Article ID 1, 2013.


	1. Introduction
	2. Preliminaries
	3. Main Result
	4. Application to Variational Inequality Problem
	5. Conclusion
	Statements and Declarations
	Acknowledgments
	References

