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ABSTRACT. In this paper, we propose an outer approximation algorithm for solving pseudomonotone
variational inequalities (VI) in Hilbert space. The algorithm incorporates a double inertial technique,
resulting in the double inertial relaxed projection algorithm (DIRPA). DIRPA generalizes the algorithm
proposed by Yao, Iyiola and Shehu [J Sci Comput, 2022, 90(71): 1-29] (YIS Alg for short). Unlike the YIS
Alg, DIRPA allows both inertial step-sizes to be adaptively updated. By taking suitable parameters, the
global weak convergence of DIRPA is established under the same assumptions with YIS Alg. Numerical
experiments show the efficiency of DIRPA.
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1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Hilbert space H with inner product (-, -)
and norm || - ||. Let F' : H — H be a cost operator. Consider the variational inequality VI(C, F’), which
is to find a point z* € C' such that

(F(z%),y —2") >0,y € C. (1.1)
The dual variation inequality of Problem (1.1) is to find a point * € C' such that
(F(y),y —a") > 0,vy € C. (1.2)

The solution set of Problem (1.1) and Problem (1.2) are denoted by S and Sp, respectively. If F' is
continuous on C, together with the fact that C' is convex, by Minty lemma, we have Sp C S. Hence,
if F' is pseudomonotone and continuous on C, we have S = Sp.

VI have found applications in nonlinear analysis, economics and optimization; see, for example,
(2, 1, 3]. So, many projection algorithms are proposed for solving VI under different monotonicity of
F

In 1964, Goldstein [4] proposed a simple and efficient projection algorithm:
2" = Po(z™ — AF(z")).

The convergence of this algorithm requires F' is strongly monotone and L-Lipschitz continuous on C.
In order to relax the strongly monotonicity to pseudomonotonicity, the extragradient algorithm (EGA)
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was introduced by Korpelevich [5] with the following form:

y" = Po(a" = AF(a")),
2" = Po(z™ — AF(y")).

The global convergence of EGA requires F' is pseudomonotone and Lipschitz continuous on C. Note
that EGA needs two projections onto C' in each iteration. This may affect the efficiency of EGA when-
ever the projection onto C' is not so easy to implement.

To save one projection onto C per iteration, Solodov and Tseng [6], He [7] and Sun [8] proposed
the projection and contraction algorithm (PCA); Tseng [9] proposed the forward-backward splitting
algorithm. Later, Censor et al. [10] proposed the subgradient extragradient algorithm (SEGA) for pseu-
domonotone VI. The update scheme of SEGA is as follows:

J' = Po(a” — AF(")),
2" = P, (2" = AF(y")),
Tn = {IL‘ cH: <a?n —)\F(I‘n) —yn,$—yn> < 0}7

where T,, O C is a half-space. Since the projection onto a half-space has an explicit formula, SEGA is
also needing one projection onto C' in each iteration.

By using the information of the previous iteration point and the current iterate point, Polyak [11]
proposed inertia technique to accelerate the convergence speed of algorithm, where the inertial step-
size is a constant number. Inertial technique was wildly applied in algorithms for solving variational
inequalities; see, for example, [13, 14, 12]. To accelerate the convergence speed, some inertial algorithms
with variable inertial step-size are proposed for VI; see, for example, [16, 19, 15, 17, 18].

Another effective modification for Lipschitz continuous VI involves using a self-adaptive step size,
which avoids the computational cost of estimating the Lipschitz constant; see, for example, [21, 20].
Recently, Yao et al. [22] proposed an extragradient algorithm (YIS Alg for short) with double inertial
steps for pseudomonotone VI:

(2" = 2" + (2" — 2" 1),
W' = 2" + 0, (z" — 2",
' = Po(w" — A\ F(w)), (1.3)
2" = (1 — an)2" 4+ an Pr, (W™ — M F(y™)),
T ={weH: (W= \F(") —y",w—y") <0},

where A, is given by

Ant1 = { mind % Aty F(w™) = F(y") # 0;

" otherwise,

By taking suitable parameters 6,,, 0 and a,,, YIS Alg is weak global convergence whenever F' is L-
Lipschitz continuous and pseudomonotone. Numerical results indicate superior efficiency over the
single inertial algorithm.

Very recently, based on SEGA, Anh P N [23] proposed an outer approximate algorithm (see Algorithm
3.1 therein, here we call APN Alg for short) for solving pseudomonotone VI as follows:

y" = Po(z" — A\ F(2")),
wh =" — v\ F(y"),
xn—i—l _ PTn(Wn)7

T ={weH: (W" = AFW") —y",w—y") <ypllw — y"H2},
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where v € (0, min{1, 1}) with L is the Lipschitz constant of F, \, € (b, min{7, V) with b > 0,

and 7y, € (0, min{#, 1=vL=a}) with a € (0,1 — vL). The sequence {2"} generated by APN Alg
is globally strong convergence to a solution of VI whenever F' is Lipschitz continuous and partially
pseudomonotone, see Theorem 3.1 therein. However, APN Alg can not relaxed to SEGA (because it
needs 7y, > 0).

Inspired by [10, 22, 23], we propose a double inertial steps relaxed projection algorithm (DIRPA) for
pseudomonotone and Lipschitz continuous VI. Compare to APN Alg, DIRPA employs a self-adaptive
step-size (see (3.2) below). This allows DIRPA without needing to know the Lipschitz constant of F'.
Additionally, double inertial technique is incorporated in DIRPA to accelerate convergence. Moreover,
both inertial step-size are adaptively updated (see (3.1)) to enhance efficiency. DIRPA generalized YIS
Alg, see Remark 3.1 below. By taking suitable parameters, the global weak convergence of DIRPA is
established under the same assumptions with YIS Alg. Numerical experiments show the efficiency of
DIRPA.

This paper is organized as follows: Section 2 recalls some definitions, preliminary results, and key
lemmas that will be used in later convergence analysis. In Section 3, we present DIRPA and show its
global weak convergence. Section 4 presents numerical experiments.

2. PRELIMINARIES

Let H be a real Hilbert space, and let R™ be n-dimensional Euclidean space. Let C' C H be a
nonempty, closed and convex subset. The weak convergence of a sequence {z"} 7 | to xas n — 00 is
denoted by 2™ — z while the strong convergence of {z"} 7 | to x as n — oo is denoted by 2" — .

Definition 2.1. A mapping F: H — H is said to be:
(1) L—Lipschitz continuous with L > 0 if

|1F(z) = F(y)|l < Lllx —yll, Vo, y € H.
(2) pseudomonootone on H if
(F(z),y—z)>0= (F(y),y —z) >0, Va,y € H.
(3) monotone on H if
(F(x) — F(y),z —y) >0, Vz,y € H.

(4) sequentially weakly continuous if for each sequence {z"} in H, {z"} converges weakly to
x € H implies { F'(z™)} converges weakly to F'(x).

Remark 2.2. 1t is routine to check that (iii)=-(ii). However, the converse implications generally fail to

hold.

Definition 2.3. Let C' C H be a nonempty, closed and convex set, and u € H. We let Po(u) denote
the metric projection of u onto C, that is

Po(u) = argmin{|lu —yl| : y € C}.
Hence, recall from [24] that for any « € H], we have
z2=PFPo(r) <= z€Cand(zr—2,z—y) >0, Vy € C. (2.1)
Furthermore, it follows that
(x =y, Po(x) = Pe(y)) > ||Po(z) = Pe(y)|?, Yo,y € H
and

|z —y|* > ||z — Po(2)| + |ly — Pe(z)|?, Vz € H, y € C. (2.2)
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Lemma 2.4. ([22]) The following statements hold in H:

() llz+y|* < [l2ll” +2(y, 2+ y), Yo,y € H; )

@) llax + Byl” = ala+ )|zl + Bla+ B)yllI” — aplle — ylI*, Yo,y € H, o, B € R.
Lemma 2.5. ([25]) Let {¢n}, {0n} and {0, } be the sequences in [0, +00) and there exists a real number
0 with0 <0, <0 <1,Yn € N, such that

“+o00
Pn+1 S ©®n + gn(@n - (Pn—l) + 5n7vn 2 17 Z 571 < +o0.

n=1

Then the following assertions hold:
+oo
(1) > [en — on-1], < oo, wherelt] | :=max{t,0};
n=1

*

(2) there exists @, € [0,400) such that lim ¢, = @*.
n—oo

Lemma 2.6. ([26]) Let C' be a nonempty subset of H and let {z"} be a sequence in H such that the
following two conditions hold:
(1) foyanyx € C, lim ||z™ — x| exists;
n—o0
(2) every sequential weak cluster point of {z"} is in C.

Then {z™} converges weakly to a point in C.

3. ALGORITHM AND ITS CONVERGENCE ANALYSIS

In this section, we first introduce DIRPA for solving pseudomonotone VI. Then, we show the well-
definedness and the global weak convergence of DIRPA under some mild assumptions.
Now, we introduce DIRPA as following algorithm.

Algorithm 3.1. Step 1. Take p € (0,1), v < I_T“ and \1 > 0, {6,,}, {0} and {a,} be satisfied the
Assumptions 3.2(V)~(VI). Let 2°, 2 € H be given starting points. Set n:=1.
Step 2. Compute

L= " +5n<$n . xn—l)

w'=2z"+06, (3:" - xn_l) (3.1)
y" = Po (W™ — M F(W™))
where
: pllwm =y || ny n
Api1 = mln{HF(w")—F(y")H’)\n} F(w ) F(y ) 7& 0, (3.2)
n otherwise.

Ifw™ = y" =z, then stop.
Step 3. Compute

2" = (1 — a,)2" 4+ an Pr, (W™ — M F(y™)), n > 1.
where T}, is the half-space defined by
Tpi={w € H: (W' = MF(W") =y 0 —y") < 7" ="}
Step 4. Setn :=n + 1 and go to Step 2.
For the sake of convergence, we summarize the assumptions as follows:

Assumption 3.2. (1) The C' be a nonempty, closed, and convex subset of H.
(II) The mapping F' : H — H is pseudomonotone and Lipschitz continuous (without needing to know
the Lipschitz constant) on H.
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(IlI) The solution set S is nonempty.
(IV) The mapping F' : H — H satisfies the following property: if {z"} C H and {z"} — z, then
|Fz|| < liminf ||Fx"|.
n—oo
(V) 0< 0, < 0pp1 <1.
(V) £€(2,00), €(0,1), 0< < ap < aipi1 < 5, 0 <6, < 1 <min{ b=y, Ue

7\/£) ) 91}

£

Remark 3.3. DIRPA reduces to YIS Alg by taking v = 0, d,, = J, Vn and reduces to Algorithm 1 of
Shehu, Dong and Jiang in [27] by taking v = d,, = 0, Vn.

Remark 3.4. If 2" = w™ = y", then we have 2" = Po (2" — A\, F(2")) and further 2™ € S.

Remark 3.5. From the definition of T},, y™ and the properties of the projection operator (see (2.1)), we
have C' C T,.

Remark 3.6. Note from the definition of A\, (see (3.2)) that 0 < A,41 < Ay, for all n > 1. Hence the

limit lim A, exists. Moreover, by using the similar analysis in [28] of Lemma 3.4, together with the
n—oo

Lipschitz continuous of F, we further obtain that
An > min{u/L, A1}, Vn > 1.

From Remark 3.4 - Remark 3.5, DIRPA is well-defined.
Next, we show some properties about the sequence generated by DIRPA.

Lemma 3.7. Let {0,,} be the sequence satisfied Assumption 3.2(VI). Then the following inequalities hold:
(1) 7o > 7> 0 with1y, == 6,% + ¢ — 260, —2 and 7 :5(@)2+6—25@ —2;

(2) Cn < C < iii 1, VTL, where Cn = 571(1 — Oé) + %ﬁ and& = tlai-gl’vn

Proof. 1. Let 7, := 0,2 + € — 2¢6,, — 2. Since {7} is decreasing on §,, € (0, %] together with the

fact that §,, < t(a—;/%)’ we obtain that
tle — V2 tle —v2 — V2 — V2
e Gl e ) G B P & R S £ )
€ € € €
2. Let G, :=0p(1 — ) + 1—}% From Assumption 3.2(VI), we have ¢,, < (lJrafﬁ This implies that
<fE=C0<f=1 O

Lemma 3.8. Suppose that Assumptions 3.2(I)-(IV) hold. Let {w"} be the sequence generated by Algorithm
3.1. If there exists a subsequence {w™* } convergent weakly to z € H and

lim_[|w™ —y"*[| =0,
k—o0
then z € S.
Proof. Since w™ — z, k — 00, limy_, [|w™ —y™*|| = 0, {y"} C C and C is a closed and convex set,

we obtain that z € C. So, without loss of generality, we suppose that F'(z) # 0.
Recall from the definition of 4™ and (2.1), we have

(W™ — A\, F(W™) —y™ w—y™) <0, Yw e C.

This equivalent to
1
)\—(wnk — Y w—y") < (F(wW"),w—y"™), Yw e C.
N

Consequently, we get

1
Wy w =y (FW™), Y™ - W) < (P w —w™), Ywe O (33)
ng
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Since {w™* } is weakly convergent, {w"* } is bounded. Then, by the Lipschitz continuity of F', { F'(w"*)}
is bounded. Since ||w™ — y™ | — 0, {y"™*} is also bounded, according to the definition of \,,1; from
Algorithm 3.1 and Remark 3.6, we have

An, > main{ g, %}

Hence, we have )\1

(W — Y™ w — y") + (F(w™),y™ — w™) — 0,k — oo. This together with
Tk
(3.3) obtain that

lim inf (F'(w™*),w — w"™) >0, Yw € C. (3.4)

k—o0

Moreover, for any w € C, we have

(P, = y™) = (F™) = FW™),w =) + (F™),w = w™) + (™), - ™).

(3.5)
Since limy_, o ||[w™ — y™ || = 0 and F is L-Lipschitz continuous on H, we have
lim ||F(w™) — F(y™)| = 0. (3.6)
k—o0

Combining (3.4), (3.5) with (3.6), we get
liminf (F(y"*),w — y"™*) > 0, Yw € C.
k—o0
Next, we show that z € .S, we choose a sequence {¢} } of positive numbers such that {¢;} is decreasing
and convergent to 0. For each k > 1, there exists an integer ny, > 0 such that
(F(y"),w—y") +e, >0.Y) >ny,, YweC. (3.7)

Since €y, is decreasing, it is easy to see that the sequence {ny, } is increasing. Furthermore, for each
k > 1, since {y"Vr } C C, we have F(y""r) # 0. Setting

__F™)
[E(y™ )12
we get (F'(y"Ne),v"Nr) = 1 for each k > 1. By (3.7), we conclude that, for each k > 1, we have
(F(y"™ k), w —y" k) + e (F(y"Ve ), v"™Vk) = (F(y™ k), w + ex/"Me — y™Ve) > 0, Yw € C.

V"N

Since F' is pseudomonotone on H, we have
(F(w+ e Ne ), w + ™ Ve — y™Nk) >0, Yw € C. (3.8)
On the other hand, for all w € C, we have
(F(w 4 epv™e),w + e Nk — y""Ni)
=(F(w+ exv™ k) + F(w) — F(w),w + g™k — y"Ni)
=(F(w),w 4+ ex"™Ve —y"e) + (F(w + "k ) — F(w),w + e Ne — y""Ni)
=(F(w),w — y™k) + e (F(w), V") + (F(w + ex™Vk) — F(w),w + e Ne — y""Ni ).
This together with (3.8) gets
(F(w),w —y""e) > (F(w) = Fw + epr™k ), w + g™k — ") — (F(w),ep™ ). (3.9)

Now, we show that limy_, o, ev""Vx = 0. From Assumption 3.2(IV) and the fact that y"* — z, k — oo,
we have

0 < [|F(z)|| <liminf [[F(y™)]-
k—o00
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This together with {y"~x} C {y™ } and ¢, — 0,k — oo gives

lim sup e
. . €k k—o0
0 < limsup |lex" Ve || = lim sup < — =0
i e TR = T [FG)]

which implies that limy_, o, e,V = 0. Hence, by passing the limit & — oo in (3.9), together with the
fact that y™* — 2,k — oo and F' is Lipschitz continuous, we obtain that

(Fw),w—2) >0, Ywe C.
Therefore, we have (F'(z),w — z) > 0. This completes the proof. O

For the rest of this paper, we define
u" := Pr, (w" — A\ F(y")), ¥n > 1.
Next we prove the following lemma for {x,,} generated by Algorithm 3.1.

Lemma 3.9. Suppose that Assumption 3.2(I)-(VI) hold. Let {x™} be the sequence generated by Algorithm
3.1. Then the following statements hold.

(1) For any x* € S and any n, it holds that

PAn

A
Ju =22 < " = 2|2 = (1= )" =y - (1 - 5
n+1

)\n+1
(2) The sequences {x"}, {w"}, {z"} and {u™} are all bounded. Moreover, it holds that

—29)|w™ —y"%  (3.10)

00
Z “$n+1 _ anQ < +o0,
n=1

and

lim |[z" —
n—oo

2" = lim [|2" —w"|| = lim |w" —y"|| = 0. (3.11)
n—oo n—oo
(3) Forany z* € S, lim,_, ||z™ — z*|| exists.
Proof. 1. Let * € S. Then (F(z*),y, — «*) > 0. Since F' is pseudomonotone, we have
(F(y"),y" — ") > 0.

Hence, we get
(F(y"),z* —u") < (F(y"),y" —u"). (3.12)

From the definition of T}, we get (w" — A\, F(w") — y™, u" — y™) < v [|lw™ — y"||*.

Therefore
(W' = A F(y") =y u" —y") = (" = M F(W") =y u" = y") + A (F(W") = F(y"),u" —y")
< M(F(W™) = F(y™),u” —y™) +7 " =y (3.13)
Using (2.2) and the definition of T},, such that x* € § C C' C T}, one gets
lu" = 2*|* < [l = M F(y") = &*|* = " = M F(y") — u"||?
= [l — 2" = W = u" | 20 (F(y"), 2" — ™).
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These together with (3.12), we have

2

[u" — a7
<lw™ = 27 = o™ = u )P +2A(F(y"), " — u™)
= [l =[P [l = y" +y" = P 20 F ("), y" — u")

= [l =P = [l =y |F = [y = P 20w =y g = u) 20 F (), " ")
=l = 2 * = " =y F = " = a2 F (") + " - Wty u”)
=l = 2" |* = " =y = lly" )P 200" = M (") =yt = ).

u"|?

(3.14)
Using (3.13) and the Cauchy-Schiwarz inequality, we get that,

20" = M F(y") — g™ u" = ") < 2Nl F (") = F(y™)|llu® = y" || + 27 " — 3"
20\
<

e [ e e el

n+1

y"|%.

HA

< =y P = ) 2 o
n+

Combing this with (3.14), we deduce that

™ — 2|

x PA
<l = 2|2 = " = )2 = fly" = P+ 22 (et = g+ ) + 2y " - g7

An+1
« pA P
=[w" = 2|? = (1 = ) [lu” = "7 = (1= 7 = 29) [l — ¢
An+1 An+1

This completes the proof of (3.10).
2. Recall from Remark 3.6 that limit lim,,_yoc A, we have lim (1 — m) =1—p > 0and

n—00 +1
li_>m (1 — /{‘ﬂ — 27> =1 — p — 27 > 0. This together with (3.10) implies that there exists a natural
n—oo
number N > 1 such that

Ju" — 2| < [lw” — "], Vn > N. (3.15)

Now, from the definition of {1} and (3.15), for all n > N, we deduce that

2" — 2% )? = [|(1 = an)2" + ™ — ¥ = [[(1 — o) (2" — %) + an (u” — 27|
= (1 —an)[lz" = 2*|* + anllu” — 2*[]* — an(1 — ap)||z" — u"|]?
< (1 —an)[[2" — 2% + anllw” — 2*|* — an(l — ap)||2" — u”|*. (3.16)
Furthermore, we have
1
Ju™ — 2" = —|lz"*! = 2" (3.17)
On

Combining (3.17) with (3.16), we now obtain

lz" = 2" < (1= am)l|2" = 27| + o fJw” — 27|

1—
— 2%t 2|2, W > N (3.18)

n
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From (1.3) and Lemma 2.4(2), we get

2" — 2|2
=[|2" + 8 (2™ — &™) — 2|2 = [|[(1+ 6a) (&" — 2¥) — Gz — )|
=14 d,)[|z" — :E*||2 — 5n||:r”_1 — :L‘*H2 + 0n (14 dp)[|2" — a:”_1||2. (3.19)
Similarly, we get,
™ — 2|2
=[|a" + B (2" — 2"7Y) — 2¥|2 = [|(1+ 0,) (" — &) — (" — 2*)|?
=(1+0n)]lz™ — 2|2 = Oull2" 71 = 2% + 0 (1 + 0,)||2" — 2" 712, (3.20)
and
2"t = 277 = [t — (2" + G (2" — 2" )P = (@ — 2" — 52" — 2" Y|

= [la™ = a"|? + 6,2l — 2" - 28 (2" — 2T 2" — a2
> [l = 2|2+ 8,2 [la" — 2P = 280l — 2|2 — 2"
> [la" =2 |? + 8% [la" — 2" TP = Gn ([l - 2" + 2" — 2"
= (1= 6u)[la™ ™ = 2| + (8 — ) " — 2", (3.21)
By substituting (3.19), (3.20) and (3.21) into (3.18), we have
o™ — 2
<(1 = a)[(1+ )" — 2™ = Splla™ ™ — 2”4 6, (1 + 6,) [Ja™ — 2|

+on[(1+0n)]la” — 2| = Onfla" " — 2™ + 0 (1 4+ 0n) 2" — 2”71 |?]
S IO g = | (0% - 0" — 2P

n

(1= an) (14 82" — 22 = 8L — )6 = 12 + 01 — ) (1 + &) 2" — 2”2
Fan(Lt 0) 2" — 22 = 27— 2| + (14 0,) 2" — 22
(I—an)d=6n), » n (1 = ) (dn® = 6n) n n—
- lz" = 2" — " — 272
Qnp (a7
=(1 4 @nbn + 62 (1 = o))" = 2*[* = (62(1 = ) + anfly) 2" — 2*[|?

(1 — an) (0,2 — 6n)

Qn

+(5n(1—an)(1+5n)+an0n(1+0n) — )||l'n—.1'n_1H2

(1 — an)(l — 571) Hanrl _ wnH2

an
Let
_ 2 _
Bu = 60(1 — an) (1 + 6) + nfln(1 + 0) — L) On” = )
(879
C m (1 —apn)(1— 5n).
(79

We have

2" — 2% < (14 by + 60 (1 — ) [|2™ — ¥ = (50(1 — ) + nby)]Ja™ " — z*||
+ Bpllz™ — 2" 7|2 = Gyl — 22 (3.22)
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Let
A" = |lz™ — 2| = (6, (1 — o) + anby) ||zt — 2*|? + By|ja™ — 2" L2
From the definition A" and using (3.22), we have

AP+ _ AP

=[la™ =2 = (601 = @ng1) + A1) 2" — 2|7+ Bog 2" =22 — [|l2" — 2|
+ (00(1 = an) + anln) 2771 = 2*||? = Ball2™ — 2" 1||?

<14 anbp + 0p(1 — an))||z™ — 2*||* = (60(1 — o) + anbp)||z" 1 — 2*||2 + By|jz™ — 2" 1|
= Cplla™t = 2"|? = (0u(1 = ang1) + @ng1Oni1) 2" — 2¥|* + Bpaa[la™ T — 2|
= [l2" = & [* + (62 (1 — an) + anf) 2" = 2*[P = Balla™ — "2

=(anbn + 0n(1 — an) — any10n41 — on(1 — apy1))||z" — x*”z
= Cplla"* — 2| + Bpga [z — 2" ||?

=(an(0n = ) = g1 (Ons1 = 0n)) [ — 2™ = Colla™ " = 2"|* + B 2™ = 2"|2. (3.23)

Now using the assumption a,, < a1 and 0 < 6, < 0 < 0,, < 0,41, we deduce

0<6,—0db, <6,11 — 0, Hence,
an (0 — ) — apy1(Opg1 — 0n) <0, Vn > 1.
Using (3.23) we get

APl Am < _CnHmn—i-l _ an2 +Bn+1Hxn+1 _ an2

=—(Cn — Bn+1)||xn+1 - $n||2 (3:24)

By the definition of B,,, C,,, and (V), (VI) of Assumption 3.2, we get 7(1;:") >e,0<5,(140,) <2
and 0 < 0,4 1(1 + 6,41) < 2, Vn < 1. This together with the fact that the function f(z) := =2 is

xr
. o 1- _
decreasing on R+ gives -9+l < 1=n thep
n

Qnt1 — o
Cn*BnJrl

1L —ap)(1 -9, 1—apa1)(6,%— 6,
- 02( | = (1 = ans1)(1+0n) = anp1ni1 (1 + Oppr) + ( 2)(1 )
n -

(1 — ap)(1 = 6,) (1 — ) (6,2 = 6,)

> —2(1 — ang1) — 2041 +
(a7 (79
>e(1 = 6p) + (8,2 — ) — 2
=e0,2 + & — 260, — 2. (3.25)

From the Lemma 3.7, we conclude that C), — Bj,+1 > 0. Then from (3.24) and (3.25), we have
An+1 — AP < 77_onn+1 o anZ < 77—_||$n+1 . an2 <0. (3.26)
Therefore, the sequence {A"} is non-increasing. Furthermore,

A" = [0 = 2| = (3(1 = @) + anfa) 2" = &2+ Byl — 272

> (2" — 2| = (6n(1 — o) + anby) |z — ¥ (3.27)
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It follows that

2" — 2% < (60(1 — an) + anbp)||z™ " — 2*||® + A"
< (On(1 = an) + o) [l = 2*|* + A"
< (0,1 —a)+ 171L€)||:4¢”_1 — 2|+ A"
< Galla" ™t =2+ AT
< (™t — 22 4 Al (3.28)
< Clla"? =22+ 1+ A

< Cflae® =2 P+ L+ G+ A
= 1
< Mla® — 2P+ —=AT, (3.29)
1=¢
where the fifth inequality and the eighth inequality hold because ¢, < { < 1 (see Lemma 3.7 and the
definition of (). From (3.29), we have {||z" — x*||} and further {z"} are all bounded.

Next, we show that
lim |z" —w"|| = lim |w" —y"| =0.
n—00 n—oo

From (3.28), we have
~Clla" 7t = 2P < ~Clla" Tt = 2P+ fla” - 2P < AL
Recall from (3.27), we have
—AE < — 2™ — 2P 4 (g1 (1 — ang) + ang1bnga) 2" — 27|
< Onr1(1 = ang1) + @ngrbpgr) |2 — 22

1
< (s 1— - no__ %2
< Gnr(1— @)+ )l — |

= Cupafla™ — 27|
< (™ = 2"

< Y20 — 2)? + L_Al, (3.30)

1-¢
where the third inequality holds from Assumption 3.2(VI), the fourth inequality holds from Lemma 3.7
and the last inequality holds from (3.29).
Using (3.26) and (3.30), we obtain

n —
7Yt = aF 2 < AT - AT < A 0 — a2 1551\1
k=1

_ 1
n+1 0 * (|12 1
= Tz —x + ——=A".
e
Therefore, from Lemma 3.7, we get,

> 1
Dl = 2P € ——=—A! < +oo. (3.31)
= (1-07
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Hence, we have
lim Hm”"'l — x"H =0. (3.32)
n—o0
From (3.32), Assumption 3.2(V)(VI) and the definition of 2" and w", we have
L e R e e e S M A
< 2™ — 2| + 012" — 2" = 0, n — oo, (3.33)
and
2" =W < [l =2+ [l = W] < 2" ="+ Gyl — 2|
< ™t — 2™ + 2™ — 2" Y| — 0, n — oo. (3.34)

From (3.33) and (3.34), together with the boundness of {z"}, we obtain {w"}, {2"} are all bounded.
Furthermore,

o™ = 2" = [la" + O (2" — 2" ) = 2" = 8 (a" — 2"
< Gulla™ — 2" + Ol — 27|
< Oy)jz™ — 27| + 2" — 2" = 0, n — oo. (3.35)
By the definition of 2! and Assumption 3.2(VI), we get
2" — 27 = [|(1 = an)2" + apu™ — 2| = ap|2" — u"|| > a2 — u". (3.36)
Using (3.33) and (3.36), we have
2" —un|| < é“m”“ _ M 50, n - oo (3.37)
From (3.35) and (3.37), we get
lw" —u”|| < ||lw" = 2"|| + ||z" — u"]| = 0, n = oo. (3.38)

Moreover, together with the boundness of {w"}, it follows that {u"} is bounded. By using (3.32) and
(3.33), we have

2" — 2" < [lz" — 2" + []2" ! = 2" = 0, n — o
Hence, from (3.32) and (3.34), we see that
r—w|| S| —x + ||z —w’|| = 0, n = oo.
n n|| < n n+1 n+1 n 0

Recall from (3.10) and the boundness of {w"}, {u"}, there exist M; > 0 such that

A
(1- fjl +29)[lw” = y"|* < flw" = 2P~ u" - 2"
n
= ([lw" = 2| + [[u® = 2"l = 27| = [Ju" ==
< My(fJo” = ™| = fJu” = 27[])

< My||w™ — u™||.

Using this, together with (3.38) and the fact that li_>m (1 — /{”‘fl + 27) =1—pu+2v > 0, we see that
n oo n

: n__,n| _
JimfJo” —y"[| = 0.

This completes the proof of (3.11).
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3. From the definition of B;, and Assumption 3.2, we have

Bu < 8u(1— an)(146,) + — ) [t /)

1+e a
2 (1 —a)(0:1(1—=61))
<6:(1— 1+60 .
<64 ( Oé)(+1)+1+€+ o
Hence, for some M5 > 0, we have
B, < M>.

Using (3.22), we get
2"+ — 2|
<L+ anbp + 6 (1 — an))|[z" — m*H2 — (0n(1 —an) + O‘nen)”xn_l - x*HQ
+ Bpll2™ — 2" = Cyla™t! — 2"
<[l2™ = 2" |* + (o + 8u(1 = an)) (2" = 2™ |* = [la" " = 2™||) + Byla" — 2" 7|
<[l2™ = 2" |* + (o + Gn(1 = an)) (2" = 2™[|* = [la"7" = 2™||*) + Maf|a" — 2" 712, (3.39)

On the other hand, from the facts that «,, <
we have

< (Ha)tﬁ andt € (0,1) (see Assumption 3.2),

< 1 n te
T l4e (14+e)(l-a)
Hence, by using Lemma 2.5 (set § = ﬁ + (Ha)tﬁ(l —a)), (3.39), (3.31), we have

ap + 0n(1 — ay) (1—a)<1.

lim ||z — x*| exists.
n—oo

This completes the proof. g

Theorem 3.10. Suppose that Assumption 3.2(I)-(VI) hold. Let {x"} be the sequence generated by Algo-
rithm 3.1. Then {z"} converges weakly to a point z* € S.

Proof. Recall from Lemma 3.9 that {z"} is bounded. Hence, we suppose that {x"*} C {2"} such that
™ — z* € H, k — oo. This together with (3.11) gets w™ — 2z* € H. Therefore, by using Lemma
3.8 and (3.11), we get z* € S. Hence, by using Lemma 2.6 (let S be C' therein) and the fact that limit
nh_)ngo ||[x™ — x*|| exists for any x* € S, we obtain that {z"} converges weakly to an element in S. This

completes the proof. g

4. NUMERICAL EXPERIMENTS

In this section, we test Algorithm 3.1 (DIRPA for short), Algorithm 1 of Shehu, Dong and Jiang in
[27] (SDJ Alg for short), Algorithm 1 of Yao, Iyiola and Shehu in [22] (YIS Alg for short), Algorithm 3.1
of Anh in [23] (Anh Alg for short) for solving pseudomonotone VI. All codes were written in MATLAB
R2023b and performed on a PC Desktop Intel(R) Core(TM) i7-8565U CPU @1.80GHz 1.99 GHz, RAM
8.00GB.

Example 4.1. This example is taken from [29] and has been considered by many authors for numerical
experiments; see, for example, Malitsky and Semenov [30], Thong et al [12]. In there, F'(z) := Mx + g,
where M = NNT 4+ S 4+ D, N € R™*™ is a randomly generated matrix, S € R™*™ is a randomly
skew-symmetric matrix, D € R™*" is a randomly positive definite diagonal matrix (hence M is
positive definite), ¢ is a randomly vector in R, and

C:={x € R™: Bz < b},

where B € RF¥*™ is a random matrix, b € R¥ is a random vector with nonnegative entries.



DOUBLE INERTIAL STEPS RELAXED PROJECTION ALGORITHM 33

So, F(+) is strongly monotone and Lipschitz continuous on R™ with Lipschitz constant L = ||M]].
The projection onto C' is computed by Matlab solver “quadprog”. Let ¢ = 0, then 2* = 0 is the unique
solution of this VI. Hence, the stopping criterion for DIRPA, SDJ Alg, YIS Alg and Anh Alg are all
dist(z™, S) < 1074, ie,,

o™ < 107

The parameters for YIS Alg, SDJ Alg and Anh Alg in Table 1 follow the suggestions in their papers.
We report the number of iterations (Iter), CPU times in seconds, the dimensional number m for different
inequality constraints in Table 2 and Table 3, averaged 5 instance.

TaBLE 1. Parameters for DIRPA, YIS Alg, SDJ Alg and Anh Alg

DIRPA A =0.1 11=0.9 0,=1 0, =0.2903 §=0.05
t=0.99 v=0.004 0, = 155
YIS Alg A =0.1 11=0.9 0,=1 0, =0.2903 §=0.0241
SDJ Alg A =0.1 (1=0.9 0,=1 0, =0.2903
AnhAlg 7=min{7,/7} b=0017 v=045a a=min{l,7} 6, =b+ 5ty
Yo = 0.026,

TaBLE 2. Results for Example 5.1 with £k = 10, m = 20

Iter CPU

DIRPA 761  1.4278
YIS Alg 820  1.9256
SDJ Alg 963  2.4261
Anh Alg 804203 592.995

TaBLE 3. Results for Example 5.1 with £ = 50

m=60 m=80
Iter CPU Iter CPU

DIRPA 2423 11.4545 5069 26.0915
YIS Alg 2734 12.9789 5533 32.5329
SDJ Alg 3768 13.1210 7395 45.1865

Example 4.2. To test high-dimensional VI, we modify the feasible set C' in Example 4.1 as the nonneg-
ative orthant, that is ' = R'!. Let the mapping F' be defined by Example 4.1. We define the feasible
set C by C := {x € RT'}. In this case, * = 0 is also the unique solution of this VI. So, the stopping
criterion is also taken ||z || < 10~%. We report Iter, CPU, different m in Table 4, averaged 5 instances.

Remark 4.1. From Table 2, we see that all algorithms can find the solution of VI, Anh Alg requires much
more CPU time. So, in the rest numerical experiments, we only test DIRPA, YIS Alg and SDJ Alg. From
Table 2 - Table 4, we see that DIRPA has the fewer total number of iterations and CPU time.
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TABLE 4. Results for Example 5.2 with different m

m=1000 m=3000
Iter CPU Iter CPU
DIRPA 2666 1.1409 3103 32.9787
YIS Alg 2719 1.1950 3167  34.0118
SDJ Alg 4699 1.9999 5020  51.2496

5. CONCLUSION

In this paper, we propose an outer approximation algorithm DIRPA for solving pseudomonotone VI
in Hilbert space. DIRPA generalizes the Algorithm 3.1 of Yao, Iyiola and Shehu in [22]. Moreover, DIRPA
allows both inertial step-sizes to be adaptively updated. By taking suitable parameters, the global weak
convergence of DIRPA is established under the same assumptions in [22]. Numerical experiments show
the efficiency of DIRPA.
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