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Abstract. In this paper, we propose an outer approximation algorithm for solving pseudomonotone
variational inequalities (VI) in Hilbert space. The algorithm incorporates a double inertial technique,
resulting in the double inertial relaxed projection algorithm (DIRPA). DIRPA generalizes the algorithm
proposed by Yao, Iyiola and Shehu [J Sci Comput, 2022, 90(71): 1-29] (YIS Alg for short). Unlike the YIS
Alg, DIRPA allows both inertial step-sizes to be adaptively updated. By taking suitable parameters, the
global weak convergence of DIRPA is established under the same assumptions with YIS Alg. Numerical
experiments show the efficiency of DIRPA.
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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H with inner product ⟨·, ·⟩
and norm ∥ · ∥. Let F : H → H be a cost operator. Consider the variational inequality VI(C,F ), which
is to find a point x∗ ∈ C such that

⟨F (x∗), y − x∗⟩ ≥ 0,∀y ∈ C. (1.1)

The dual variation inequality of Problem (1.1) is to find a point x∗ ∈ C such that

⟨F (y), y − x∗⟩ ≥ 0, ∀y ∈ C. (1.2)

The solution set of Problem (1.1) and Problem (1.2) are denoted by S and SD , respectively. If F is
continuous on C , together with the fact that C is convex, by Minty lemma, we have SD ⊆ S. Hence,
if F is pseudomonotone and continuous on C , we have S = SD .

VI have found applications in nonlinear analysis, economics and optimization; see, for example,
[2, 1, 3]. So, many projection algorithms are proposed for solving VI under different monotonicity of
F .

In 1964, Goldstein [4] proposed a simple and efficient projection algorithm:

xn+1 = PC(x
n − λF (xn)).

The convergence of this algorithm requires F is strongly monotone and L-Lipschitz continuous on C .
In order to relax the strongly monotonicity to pseudomonotonicity, the extragradient algorithm (EGA)
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was introduced by Korpelevich [5] with the following form:{
yn = PC(x

n − λF (xn)),

xn+1 = PC(x
n − λF (yn)).

The global convergence of EGA requires F is pseudomonotone and Lipschitz continuous on C . Note
that EGA needs two projections onto C in each iteration. This may affect the efficiency of EGA when-
ever the projection onto C is not so easy to implement.

To save one projection onto C per iteration, Solodov and Tseng [6], He [7] and Sun [8] proposed
the projection and contraction algorithm (PCA); Tseng [9] proposed the forward-backward splitting
algorithm. Later, Censor et al. [10] proposed the subgradient extragradient algorithm (SEGA) for pseu-
domonotone VI. The update scheme of SEGA is as follows:

yn = PC(x
n − λF (xn)),

xn+1 = PTn(x
n − λF (yn)),

Tn := {x ∈ H : ⟨xn − λF (xn)− yn, x− yn⟩ ≤ 0},

where Tn ⊇ C is a half-space. Since the projection onto a half-space has an explicit formula, SEGA is
also needing one projection onto C in each iteration.

By using the information of the previous iteration point and the current iterate point, Polyak [11]
proposed inertia technique to accelerate the convergence speed of algorithm, where the inertial step-
size is a constant number. Inertial technique was wildly applied in algorithms for solving variational
inequalities; see, for example, [13, 14, 12]. To accelerate the convergence speed, some inertial algorithms
with variable inertial step-size are proposed for VI; see, for example, [16, 19, 15, 17, 18].

Another effective modification for Lipschitz continuous VI involves using a self-adaptive step size,
which avoids the computational cost of estimating the Lipschitz constant; see, for example, [21, 20].
Recently, Yao et al. [22] proposed an extragradient algorithm (YIS Alg for short) with double inertial
steps for pseudomonotone VI:

zn = xn + δ(xn − xn−1),

ωn = xn + θn(x
n − xn−1),

yn = PC(ω
n − λnF (ωn)),

xn+1 = (1− αn)z
n + αnPTn(ω

n − λnF (yn)),

Tn := {ω ∈ H : ⟨ωn − λnF (ωn)− yn, ω − yn⟩ ≤ 0},

(1.3)

where λn is given by

λn+1 =

{
min{ µ||ωn−yn||

||F (ωn)−F (yn)|| , λn}, if F (ωn)− F (yn) ̸= 0;

λn, otherwise,

By taking suitable parameters θn, δ and αn, YIS Alg is weak global convergence whenever F is L-
Lipschitz continuous and pseudomonotone. Numerical results indicate superior efficiency over the
single inertial algorithm.

Very recently, based on SEGA,Anh PN [23] proposed an outer approximate algorithm (seeAlgorithm
3.1 therein, here we call APN Alg for short) for solving pseudomonotone VI as follows:

yn = PC(x
n − λnF (xn)),

ωn = xn − vλnF (yn),

xn+1 = PTn(ω
n),

Tn := {ω ∈ H : ⟨ωn − λnF (ωn)− yn, ω − yn⟩ ≤ γn∥ωn − yn∥2},
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where v ∈ (0,min{1, 1
L}) with L is the Lipschitz constant of F , λn ∈ (b,min{ 1

L ,
√

v
L}) with b > 0,

and γn ∈ (0,min{1−ξ2nL
2

2 , 1−vL−a
2 }) with a ∈ (0, 1− vL). The sequence {xn} generated by APN Alg

is globally strong convergence to a solution of VI whenever F is Lipschitz continuous and partially
pseudomonotone, see Theorem 3.1 therein. However, APN Alg can not relaxed to SEGA (because it
needs γn > 0).

Inspired by [10, 22, 23], we propose a double inertial steps relaxed projection algorithm (DIRPA) for
pseudomonotone and Lipschitz continuous VI. Compare to APN Alg, DIRPA employs a self-adaptive
step-size (see (3.2) below). This allows DIRPA without needing to know the Lipschitz constant of F .
Additionally, double inertial technique is incorporated in DIRPA to accelerate convergence. Moreover,
both inertial step-size are adaptively updated (see (3.1)) to enhance efficiency. DIRPA generalized YIS
Alg, see Remark 3.1 below. By taking suitable parameters, the global weak convergence of DIRPA is
established under the same assumptions with YIS Alg. Numerical experiments show the efficiency of
DIRPA.

This paper is organized as follows: Section 2 recalls some definitions, preliminary results, and key
lemmas that will be used in later convergence analysis. In Section 3, we present DIRPA and show its
global weak convergence. Section 4 presents numerical experiments.

2. Preliminaries

Let H be a real Hilbert space, and let Rn be n-dimensional Euclidean space. Let C ⊆ H be a
nonempty, closed and convex subset. The weak convergence of a sequence {xn}∞n=1 to x as n → ∞ is
denoted by xn ⇀ x while the strong convergence of {xn}∞n=1 to x as n → ∞ is denoted by xn → x.

Definition 2.1. A mapping F: H → H is said to be:
(1) L−Lipschitz continuous with L > 0 if

∥F (x)− F (y)∥ ≤ L∥x− y∥, ∀x, y ∈ H.

(2) pseudomonootone on H if
⟨F (x), y − x⟩ ≥ 0 ⇒ ⟨F (y), y − x⟩ ≥ 0, ∀x, y ∈ H.

(3) monotone on H if
⟨F (x)− F (y), x− y⟩ ≥ 0, ∀x, y ∈ H.

(4) sequentially weakly continuous if for each sequence {xn} in H, {xn} converges weakly to
x ∈ H implies {F (xn)} converges weakly to F (x).

Remark 2.2. It is routine to check that (iii)⇒(ii). However, the converse implications generally fail to
hold.

Definition 2.3. Let C ⊆ H be a nonempty, closed and convex set, and u ∈ H. We let PC(u) denote
the metric projection of u onto C , that is

PC(u) = argmin{∥u− y∥ : y ∈ C}.

Hence, recall from [24] that for any x ∈ H, we have
z = PC(x) ⇐⇒ z ∈ C and ⟨x− z, z − y⟩ ≥ 0, ∀y ∈ C. (2.1)

Furthermore, it follows that
⟨x− y, PC(x)− PC(y)⟩ ≥ ∥PC(x)− PC(y)∥2, ∀x, y ∈ H

and
∥x− y∥2 ≥ ∥x− PC(x)∥2 + ∥y − PC(x)∥2, ∀x ∈ H, y ∈ C. (2.2)



DOUBLE INERTIAL STEPS RELAXED PROJECTION ALGORITHM 23

Lemma 2.4. ([22]) The following statements hold in H:
(1) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀x, y ∈ H;

(2) ∥αx+ βy∥2 = α(α+ β)∥x∥2 + β(α+ β)∥y∥2 − αβ∥x− y∥2, ∀x, y ∈ H, α, β ∈ R.

Lemma 2.5. ([25]) Let {φn}, {δn} and {θn} be the sequences in [0,+∞) and there exists a real number
θ with 0 ≤ θn ≤ θ < 1, ∀n ∈ N , such that

φn+1 ≤ φn + θn(φn − φn−1) + δn,∀n ≥ 1,

+∞∑
n=1

δn < +∞.

Then the following assertions hold:

(1)
+∞∑
n=1

[φn − φn−1]+ < ∞, where[t]+ := max {t, 0};

(2) there exists φ∗ ∈ [0,+∞) such that lim
n→∞

φn = φ∗.

Lemma 2.6. ([26]) Let C be a nonempty subset of H and let {xn} be a sequence in H such that the
following two conditions hold:

(1) foy any x ∈ C , lim
n→∞

∥xn − x∥ exists;

(2) every sequential weak cluster point of {xn} is in C .
Then {xn} converges weakly to a point in C .

3. Algorithm and Its Convergence Analysis

In this section, we first introduce DIRPA for solving pseudomonotone VI. Then, we show the well-
definedness and the global weak convergence of DIRPA under some mild assumptions.

Now, we introduce DIRPA as following algorithm.

Algorithm 3.1. Step 1. Take µ ∈ (0, 1), γ < 1−µ
2 and λ1 > 0, {δn}, {θn} and {αn} be satisfied the

Assumptions 3.2(V)-(VI). Let x0, x1 ∈ H be given starting points. Set n:=1.
Step 2. Compute 

zn = xn + δn(x
n − xn−1)

ωn = xn + θn
(
xn − xn−1

)
yn = PC (ωn − λnF (ωn))

(3.1)

where

λn+1 =

{
min{ µ||ωn−yn||

||F (ωn)−F (yn)|| , λn} F (ωn)− F (yn) ̸= 0,

λn otherwise.
(3.2)

If ωn = yn = xn, then stop.
Step 3. Compute

xn+1 = (1− αn)z
n + αnPTn(ω

n − λnF (yn)), n ≥ 1.

where Tn is the half-space defined by

Tn := {ω ∈ H : ⟨ωn − λnF (ωn)− yn, ω − yn⟩ ≤ γ ∥ωn − yn∥2}
Step 4. Set n := n+ 1 and go to Step 2.

For the sake of convergence, we summarize the assumptions as follows:

Assumption 3.2. (I) The C be a nonempty, closed, and convex subset of H.
(II) The mapping F : H → H is pseudomonotone and Lipschitz continuous (without needing to know

the Lipschitz constant) on H.
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(III) The solution set S is nonempty.
(IV) The mapping F : H → H satisfies the following property: if {xn} ⊂ H and {xn} ⇀ z, then

∥Fz∥ ≤ lim inf
n→∞

∥Fxn∥.
(V) 0 ≤ θn ≤ θn+1 ≤ 1.
(VI) ε∈(2,∞), t∈(0, 1), 0<α≤αn≤αn+1<

1
1+ε , 0≤δn≤δn+1≤min{ tε

(1+ε)(1−α) ,
t(ε−

√
2ε)

ε , θ1}.

Remark 3.3. DIRPA reduces to YIS Alg by taking γ = 0, δn = δ, ∀n and reduces to Algorithm 1 of
Shehu, Dong and Jiang in [27] by taking γ = δn = 0, ∀n.

Remark 3.4. If xn = ωn = yn, then we have xn = PC(x
n − λnF (xn)) and further xn ∈ S.

Remark 3.5. From the definition of Tn, yn and the properties of the projection operator (see (2.1)), we
have C ⊆ Tn.

Remark 3.6. Note from the definition of λn+1 (see (3.2)) that 0 ≤ λn+1 ≤ λn, for all n ≥ 1. Hence the
limit lim

n→∞
λn exists. Moreover, by using the similar analysis in [28] of Lemma 3.4, together with the

Lipschitz continuous of F , we further obtain that
λn ≥ min{µ/L, λ1}, ∀n ≥ 1.

From Remark 3.4 - Remark 3.5, DIRPA is well-defined.
Next, we show some properties about the sequence generated by DIRPA.

Lemma 3.7. Let {δn} be the sequence satisfied Assumption 3.2(VI). Then the following inequalities hold:

(1) τn ≥ τ̄ > 0 with τn := εδn
2 + ε− 2εδn − 2 and τ̄ = ε( t(ε−

√
2ε)

ε )2 + ε− 2ε t(ε−
√
2ε)

ε − 2;
(2) ζn < ζ̄ < ε+1

1+ε = 1, ∀n, where ζn := δn(1− α) + 1
1+ε and ζ̄ := tε+1

1+ε , ∀n.

Proof. 1. Let τn := εδn
2+ ε− 2εδn− 2. Since {τn} is decreasing on δn ∈ (0, ε−

√
2ε

ε ], together with the
fact that δn < t(ε−

√
2ε)

ε , we obtain that

τn ≥ τ̄ = ε(
t(ε−

√
2ε)

ε
)2 + ε− 2ε

t(ε−
√
2ε)

ε
− 2 > ε(

ε−
√
2ε

ε
)2 + ε− 2ε

ε−
√
2ε

ε
− 2 = 0.

2. Let ζn := δn(1−α) + 1
1+ε . From Assumption 3.2(VI), we have δn < tε

(1+ε)(1−α) . This implies that
ζn < tε+1

1+ε = ζ̄ ≤ ε+1
1+ε = 1. □

Lemma 3.8. Suppose that Assumptions 3.2(I)-(IV) hold. Let {ωn} be the sequence generated by Algorithm
3.1. If there exists a subsequence {ωnk} convergent weakly to z ∈ H and

lim
k→∞

∥ωnk − ynk∥ = 0,

then z ∈ S.

Proof. Since ωnk ⇀ z, k → ∞, limk→∞ ∥ωnk − ynk∥ = 0, {yn} ⊆ C and C is a closed and convex set,
we obtain that z ∈ C . So, without loss of generality, we suppose that F (z) ̸= 0.
Recall from the definition of yn and (2.1), we have

⟨ωnk − λnk
F (ωnk)− ynk , ω − ynk⟩ ≤ 0, ∀ω ∈ C.

This equivalent to
1

λnk

⟨ωnk − ynk , ω − ynk⟩ ≤ ⟨F (ωnk), ω − ynk⟩, ∀ω ∈ C.

Consequently, we get
1

λnk

⟨ωnk − ynk , ω − ynk⟩+ ⟨F (ωnk), ynk − ωnk⟩ ≤ ⟨F (ωnk), ω − ωnk⟩, ∀ω ∈ C. (3.3)
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Since {ωnk} is weakly convergent, {ωnk} is bounded. Then, by the Lipschitz continuity ofF , {F (ωnk)}
is bounded. Since ∥ωnk − ynk∥ → 0, {ynk} is also bounded, according to the definition of λn+1 from
Algorithm 3.1 and Remark 3.6, we have

λnk
≥ min{λ1,

µ

L
}.

Hence, we have 1
λnk

⟨ωnk − ynk , ω − ynk⟩ + ⟨F (ωnk), ynk − ωnk⟩ → 0, k → ∞. This together with
(3.3) obtain that

lim inf
k→∞

⟨F (ωnk), ω − ωnk⟩ ≥ 0, ∀ω ∈ C. (3.4)

Moreover, for any ω ∈ C , we have

⟨F (ynk), ω − ynk⟩ = ⟨F (ynk)− F (ωnk), ω − ωnk⟩+ ⟨F (ωnk), ω − ωnk⟩+ ⟨F (ynk), ωnk − ynk⟩.
(3.5)

Since limk→∞ ∥ωnk − ynk∥ = 0 and F is L-Lipschitz continuous on H, we have

lim
k→∞

∥F (ωnk)− F (ynk)∥ = 0. (3.6)

Combining (3.4), (3.5) with (3.6), we get

lim inf
k→∞

⟨F (ynk), ω − ynk⟩ ≥ 0, ∀ω ∈ C.

Next, we show that z ∈ S, we choose a sequence {εk} of positive numbers such that {εk} is decreasing
and convergent to 0. For each k ≥ 1, there exists an integer nNk

> 0 such that

⟨F (ynj ), ω − ynj ⟩+ εk ≥ 0. ∀j ≥ nNk
, ∀ω ∈ C. (3.7)

Since εk is decreasing, it is easy to see that the sequence {nNk
} is increasing. Furthermore, for each

k ≥ 1, since {ynNk} ⊆ C , we have F (ynNk ) ̸= 0. Setting

νnNk =
F (ynNk )

∥F (ynNk )∥2
,

we get ⟨F (ynNk ), νnNk ⟩ = 1 for each k ≥ 1. By (3.7), we conclude that, for each k ≥ 1, we have

⟨F (ynNk ), ω − ynNk ⟩+ εk⟨F (ynNk ), νnNk ⟩ = ⟨F (ynNk ), ω + εkν
nNk − ynNk ⟩ ≥ 0, ∀ω ∈ C.

Since F is pseudomonotone on H, we have

⟨F (ω + εkν
nNk ), ω + εkν

nNk − ynNk ⟩ ≥ 0, ∀ω ∈ C. (3.8)

On the other hand, for all ω ∈ C , we have

⟨F (ω + εkν
nNk ), ω + εkν

nNk − ynNk ⟩
=⟨F (ω + εkν

nNk ) + F (ω)− F (ω), ω + εkν
nNk − ynNk ⟩

=⟨F (ω), ω + εkν
nNk − ynNk ⟩+ ⟨F (ω + εkν

nNk )− F (ω), ω + εkν
nNk − ynNk ⟩

=⟨F (ω), ω − ynNk ⟩+ εk⟨F (ω), νnNk ⟩+ ⟨F (ω + εkν
nNk )− F (ω), ω + εkν

nNk − ynNk ⟩.

This together with (3.8) gets

⟨F (ω), ω − ynNk ⟩ ≥ ⟨F (ω)− F (ω + εkν
nNk ), ω + εkν

nNk − ynNk ⟩ − ⟨F (ω), εkν
nNk ⟩. (3.9)

Now, we show that limk→∞ ενnNk = 0. FromAssumption 3.2(IV) and the fact that ynk ⇀ z, k → ∞,
we have

0 < ∥F (z)∥ ≤ lim inf
k→∞

∥F (ynk)∥.
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This together with {ynNk} ⊆ {ynk} and εk → 0, k → ∞ gives

0 ≤ lim sup
k→∞

∥εkνnNk∥ = lim sup
k→∞

εk
∥F (ynNk )∥

≤
lim sup
k→∞

εk

lim inf
k→∞

∥F (ynNk )∥
= 0,

which implies that limk→∞ εkν
nNk = 0. Hence, by passing the limit k → ∞ in (3.9), together with the

fact that ynk ⇀ z, k → ∞ and F is Lipschitz continuous, we obtain that

⟨F (ω), ω − z⟩ ≥ 0, ∀ω ∈ C.

Therefore, we have ⟨F (z), ω − z⟩ ≥ 0. This completes the proof. □

For the rest of this paper, we define

un := PTn(ω
n − λnF (yn)), ∀n ≥ 1.

Next we prove the following lemma for {xn} generated by Algorithm 3.1.

Lemma 3.9. Suppose that Assumption 3.2(I)-(VI) hold. Let {xn} be the sequence generated by Algorithm
3.1. Then the following statements hold.

(1) For any x∗ ∈ S and any n, it holds that

∥un − x∗∥2 ≤ ∥ωn − x∗∥2 − (1− µλn

λn+1
)∥un − yn∥2 − (1− µλn

λn+1
− 2γ)∥ωn − yn∥2. (3.10)

(2) The sequences {xn}, {ωn}, {zn} and {un} are all bounded. Moreover, it holds that

∞∑
n=1

∥xn+1 − xn∥2 < +∞,

and

lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

∥xn − ωn∥ = lim
n→∞

∥ωn − yn∥ = 0. (3.11)

(3) For any x∗ ∈ S, limn→∞ ∥xn − x∗∥ exists.

Proof. 1. Let x∗ ∈ S. Then ⟨F (x∗), yn − x∗⟩ ≥ 0. Since F is pseudomonotone, we have

⟨F (yn), yn − x∗⟩ ≥ 0.

Hence, we get
⟨F (yn), x∗ − un⟩ ≤ ⟨F (yn), yn − un⟩. (3.12)

From the definition of Tn we get ⟨ωn − λnF (ωn)− yn, un − yn⟩ ≤ γ ∥ωn − yn∥2.
Therefore

⟨ωn − λnF (yn)− yn, un − yn⟩ = ⟨ωn − λnF (ωn)− yn, un − yn⟩+ λn⟨F (ωn)− F (yn), un − yn⟩

≤ λn⟨F (ωn)− F (yn), un − yn⟩+ γ ∥ωn − yn∥2 . (3.13)

Using (2.2) and the definition of Tn, such that x∗ ∈ S ⊆ C ⊆ Tn, one gets

∥un − x∗∥2 ≤ ∥ωn − λnF (yn)− x∗∥2−∥ωn − λnF (yn)− un∥2

= ∥ωn − x∗∥2−∥ωn − un∥2+2λn⟨F (yn), x∗ − un⟩.
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These together with (3.12), we have

∥un − x∗∥2

≤∥ωn − x∗∥2−∥ωn − un∥2+2λn⟨F (yn), yn − un⟩

= ∥ωn − x∗∥2−∥ωn − yn + yn − un∥2+2⟨λnF (yn), yn − un⟩

= ∥ωn − x∗∥2−∥ωn − yn∥2−∥yn − un∥2−2⟨ωn − yn, yn − un⟩+ 2⟨λnF (yn), yn − un⟩

= ∥ωn − x∗∥2−∥ωn − yn∥2−∥yn − un∥2+2⟨λnF (yn) + yn − ωn, yn − un⟩

= ∥ωn − x∗∥2−∥ωn − yn∥2−∥yn − un∥2+2⟨ωn − λnF (yn)− yn, un − yn⟩. (3.14)

Using (3.13) and the Cauchy-Schiwarz inequality, we get that,

2⟨ωn − λnF (yn)− yn, un − yn⟩ ≤ 2λn∥F (ωn)− F (yn)∥∥un − yn∥+ 2γ ∥ωn − yn∥2

≤ 2µλn

λn+1
∥ωn − yn∥∥un − yn∥+ 2γ ∥ωn − yn∥2

≤ µλn

λn+1
(∥ωn − yn∥2 + ∥un − yn∥2) + 2γ ∥ωn − yn∥2 .

Combing this with (3.14), we deduce that

∥un − x∗∥2

≤∥ωn − x∗∥2 − ∥ωn − yn∥2 − ∥yn − un∥2 + µλn

λn+1

(
∥ωn − yn∥2 + ∥un − yn∥2

)
+ 2γ ∥wn − yn∥2

=∥ωn − x∗∥2 − (1− µλn

λn+1
)∥un − yn∥2 − (1− µλn

λn+1
− 2γ)∥ωn − yn∥2.

This completes the proof of (3.10).
2. Recall from Remark 3.6 that limit limn→∞ λn, we have lim

n→∞

(
1− µλn

λn+1

)
= 1 − µ > 0 and

lim
n→∞

(
1− µλn

λn+1
− 2γ

)
= 1− µ− 2γ > 0. This together with (3.10) implies that there exists a natural

number N ≥ 1 such that

∥un − x∗∥ ≤ ∥ωn − x∗∥ , ∀n ≥ N. (3.15)

Now, from the definition of {xn+1} and (3.15), for all n ≥ N , we deduce that

∥xn+1 − x∗∥2 = ∥(1− αn)z
n + αnu

n − x∗∥2 = ∥(1− αn)(z
n − x∗) + αn(u

n − x∗)∥2

= (1− αn)∥zn − x∗∥2 + αn∥un − x∗∥2 − αn(1− αn)∥zn − un∥2

≤ (1− αn)∥zn − x∗∥2 + αn∥ωn − x∗∥2 − αn(1− αn)∥zn − un∥2. (3.16)

Furthermore, we have

∥un − zn∥ =
1

αn
∥xn+1 − zn∥. (3.17)

Combining (3.17) with (3.16), we now obtain

∥xn+1 − x∗∥2 ≤ (1− αn)∥zn − x∗∥2 + αn∥ωn − x∗∥2

− 1− αn

αn
∥xn+1 − zn∥2, ∀n ≥ N. (3.18)
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From (1.3) and Lemma 2.4(2), we get

∥zn − x∗∥2

=∥xn + δn(x
n − xn−1)− x∗∥2 = ∥(1 + δn)(x

n − x∗)− δn(x
n−1 − x∗)∥2

=(1 + δn)∥xn − x∗∥2 − δn∥xn−1 − x∗∥2 + δn(1 + δn)∥xn − xn−1∥2. (3.19)

Similarly, we get,

∥ωn − x∗∥2

=∥xn + θn(x
n − xn−1)− x∗∥2 = ∥(1 + θn)(x

n − x∗)− θn(x
n−1 − x∗)∥2

=(1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + θn(1 + θn)∥xn − xn−1∥2, (3.20)

and

∥xn+1 − zn∥2 = ∥xn+1 − (xn + δn(x
n − xn−1))∥2 = ∥(xn+1 − xn)− δ(xn − xn−1)∥2

= ∥xn+1 − xn∥2 + δn
2∥xn − xn−1∥2 − 2δ⟨xn+1 − xn−1, xn − xn−1⟩

≥ ∥xn+1 − xn∥2 + δn
2∥xn − xn−1∥2 − 2δn∥xn+1 − xn−1∥∥xn − xn−1∥

≥ ∥xn+1 − xn∥2 + δn
2∥xn − xn−1∥2 − δn(∥xn+1 − xn∥2 + ∥xn − xn−1∥2)

= (1− δn)∥xn+1 − xn∥2 + (δn
2 − δn)∥xn − xn−1∥2. (3.21)

By substituting (3.19), (3.20) and (3.21) into (3.18), we have

∥xn+1 − x∗∥2

≤(1− αn)[(1 + δn)∥xn − x∗∥2 − δn∥xn−1 − x∗∥2 + δn(1 + δn)∥xn − xn−1∥2]
+ αn[(1 + θn)∥xn − x∗∥2 − θn∥xn−1 − x∗∥2 + θn(1 + θn)∥xn − xn−1∥2]

− 1− αn

αn
[(1− δn)∥xn+1 − xn∥2 + (δn

2 − δn)∥xn − xn−1∥2]

=(1− αn)(1 + δn)∥xn − x∗∥2 − δn(1− αn)∥xn−1 − x∗∥2 + δn(1− αn)(1 + δn)∥xn − xn−1∥2

+ αn(1 + θn)∥xn − x∗∥2 − αnθn∥xn−1 − x∗∥2 + αnθn(1 + θn)∥xn − xn−1∥2

− (1− αn)(1− δn)

αn
∥xn+1 − xn∥2 − (1− αn)(δn

2 − δn)

αn
∥xn − xn−1∥2

=(1 + αnθn + δn(1− αn))∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2

+ (δn(1− αn)(1 + δn) + αnθn(1 + θn)−
(1− αn)(δn

2 − δn)

αn
)∥xn − xn−1∥2

− (1− αn)(1− δn)

αn
∥xn+1 − xn∥2.

Let

Bn := δn(1− αn)(1 + δn) + αnθn(1 + θn)−
(1− αn)(δn

2 − δn)

αn
,

Cn :=
(1− αn)(1− δn)

αn
.

We have

∥xn+1 − x∗∥2 ≤ (1 + αnθn + δn(1− αn))∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2

+Bn∥xn − xn−1∥2 − Cn∥xn+1 − xn∥2. (3.22)
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Let

Λn := ∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2 +Bn∥xn − xn−1∥2.

From the definition Λn and using (3.22), we have

Λn+1 − Λn

=∥xn+1 − x∗∥2 − (δn(1− αn+1) + αn+1θn+1)∥xn − x∗∥2 +Bn+1∥xn+1 − xn∥2 − ∥xn − x∗∥2

+ (δn(1− αn) + αnθn)∥xn−1 − x∗∥2 −Bn∥xn − xn−1∥2

≤(1 + αnθn + δn(1− αn))∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2 +Bn∥xn − xn−1∥2

− Cn∥xn+1 − xn∥2 − (δn(1− αn+1) + αn+1θn+1)∥xn − x∗∥2 +Bn+1∥xn+1 − xn∥2

− ∥xn − x∗∥2 + (δn(1− αn) + αnθn)∥xn−1 − x∗∥2 −Bn∥xn − xn−1∥2

=(αnθn + δn(1− αn)− αn+1θn+1 − δn(1− αn+1))∥xn − x∗∥2

− Cn∥xn+1 − xn∥2 +Bn+1∥xn+1 − xn∥2

=(αn(θn − δn)− αn+1(θn+1 − δn))∥xn − x∗∥2 − Cn∥xn+1 − xn∥2 +Bn+1∥xn+1 − xn∥2. (3.23)

Now using the assumption αn ≤ αn+1 and 0 ≤ δn ≤ θ1 ≤ θn ≤ θn+1, we deduce
0 ≤ θn − δn ≤ θn+1 − δn. Hence,

αn(θn − δn)− αn+1(θn+1 − δn) ≤ 0, ∀n ≥ 1.

Using (3.23) we get

Λn+1 − Λn ≤ −Cn∥xn+1 − xn∥2 +Bn+1∥xn+1 − xn∥2

= −(Cn −Bn+1)∥xn+1 − xn∥2. (3.24)

By the definition of Bn, Cn, and (V), (VI) of Assumption 3.2, we get (1−αn)
αn

≥ ε, 0 ≤ δn(1 + δn) ≤ 2

and 0 ≤ θn+1(1 + θn+1) ≤ 2, ∀n ≤ 1. This together with the fact that the function f(x) := 1−x
x is

decreasing on R++ gives 1−αn+1

αn+1
≤ 1−αn

αn
, then

Cn −Bn+1

=
(1− αn)(1− δn)

αn
− δn(1− αn+1)(1 + δn)− αn+1θn+1(1 + θn+1) +

(1− αn+1)(δn
2 − δn)

αn+1

≥(1− αn)(1− δn)

αn
− 2(1− αn+1)− 2αn+1 +

(1− αn)(δn
2 − δn)

αn

≥ε(1− δn) + ε(δn
2 − δn)− 2

=εδn
2 + ε− 2εδn − 2. (3.25)

From the Lemma 3.7, we conclude that Cn −Bn+1 > 0. Then from (3.24) and (3.25), we have

Λn+1 − Λn ≤ −τn∥xn+1 − xn∥2 ≤ −τ̄∥xn+1 − xn∥2 ≤ 0. (3.26)

Therefore, the sequence {Λn} is non-increasing. Furthermore,

Λn = ∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2 +Bn∥xn − xn−1∥2

≥ ∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2. (3.27)
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It follows that

∥xn − x∗∥2 ≤ (δn(1− αn) + αnθn)∥xn−1 − x∗∥2 + Λn

≤ (δn(1− αn) + αn)∥xn−1 − x∗∥2 + Λn

≤ (δn(1− α) +
1

1 + ε
)∥xn−1 − x∗∥2 + Λn

≤ ζn∥xn−1 − x∗∥2 + Λ1

≤ ζ̄∥xn−1 − x∗∥2 + Λ1 (3.28)
≤ ζ̄2∥xn−2 − x∗∥2 + (1 + ζ̄)Λ1

...
≤ ζ̄n∥x0 − x∗∥2 + (1 + ζ̄ + · · ·+ ζ̄n−1)Λ1

≤ ζ̄n∥x0 − x∗∥2 + 1

1− ζ̄
Λ1, (3.29)

where the fifth inequality and the eighth inequality hold because ζn ≤ ζ̄ < 1 (see Lemma 3.7 and the
definition of ζn). From (3.29), we have {∥xn − x∗∥} and further {xn} are all bounded.
Next, we show that

lim
n→∞

∥xn − ωn∥ = lim
n→∞

∥ωn − yn∥ = 0.

From (3.28), we have

−ζ̄∥xn−1 − x∗∥2 ≤ −ζ̄∥xn−1 − x∗∥2 + ∥xn − x∗∥2 ≤ Λ1.

Recall from (3.27), we have

−Λn+1 ≤ −∥xn+1 − x∗∥2 + (δn+1(1− αn+1) + αn+1θn+1)∥xn − x∗∥2

≤ (δn+1(1− αn+1) + αn+1θn+1)∥xn − x∗∥2

≤ (δn+1(1− α) +
1

1 + ε
)∥xn − x∗∥2

= ζn+1∥xn − x∗∥2

≤ ζ̄∥xn − x∗∥2

≤ ζ̄n+1∥x0 − x∗∥2 + ζ̄

1− ζ̄
Λ1, (3.30)

where the third inequality holds from Assumption 3.2(VI), the fourth inequality holds from Lemma 3.7
and the last inequality holds from (3.29).
Using (3.26) and (3.30), we obtain

τ̄
n∑

k=1

∥xk+1 − xk∥2 ≤ Λ1 − Λn+1 ≤ Λ1 + ζ̄n+1∥x0 − x∗∥2 + ζ̄

1− ζ̄
Λ1

= ζ̄n+1∥x0 − x∗∥2 + 1

1− ζ̄
Λ1.

Therefore, from Lemma 3.7, we get,
∞∑
n=1

∥xn+1 − xn∥2 ≤ 1

(1− ζ̄)τ̄
Λ1 < +∞. (3.31)
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Hence, we have

lim
n→∞

∥∥xn+1 − xn
∥∥ = 0. (3.32)

From (3.32), Assumption 3.2(V)(VI) and the definition of zn and ωn, we have

∥xn+1 − zn∥ ≤ ∥xn+1 − xn∥+ ∥xn − zn∥ = ∥xn+1 − xn∥+ δn∥xn − xn−1∥
≤ ∥xn+1 − xn∥+ θ1∥xn − xn−1∥ → 0, n → ∞, (3.33)

and

∥xn+1 − ωn∥ ≤ ∥xn+1 − xn∥+ ∥xn − ωn∥ ≤ ∥xn+1 − xn∥+ θn∥xn − xn−1∥
≤ ∥xn+1 − xn∥+ ∥xn − xn−1∥ → 0, n → ∞. (3.34)

From (3.33) and (3.34), together with the boundness of {xn}, we obtain {ωn}, {zn} are all bounded.
Furthermore,

∥ωn − zn∥ = ∥xn + θn(x
n − xn−1)− xn − δn(x

n − xn−1)∥
≤ δn∥xn − xn−1∥+ θn∥xn − xx−1∥
≤ θ1∥xn − xn−1∥+ ∥xn − xx−1∥ → 0, n → ∞. (3.35)

By the definition of xn+1 and Assumption 3.2(VI), we get

∥xn+1 − zn∥ = ∥(1− αn)z
n + αnu

n − zn∥ = αn∥zn − un∥ ≥ α∥zn − un∥. (3.36)

Using (3.33) and (3.36), we have

∥zn − un∥ ≤ 1

α
∥xn+1 − zn∥ → 0, n → ∞. (3.37)

From (3.35) and (3.37), we get

∥ωn − un∥ ≤ ∥ωn − zn∥+ ∥zn − un∥ → 0, n → ∞. (3.38)

Moreover, together with the boundness of {ωn}, it follows that {un} is bounded. By using (3.32) and
(3.33), we have

∥xn − zn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − zn∥ → 0, n → ∞.

Hence, from (3.32) and (3.34), we see that

∥xn − ωn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − ωn∥ → 0, n → ∞.

Recall from (3.10) and the boundness of {ωn}, {un}, there exist M1 > 0 such that

(1− µλn

λn+1
+ 2γ)∥ωn − yn∥2 ≤ ∥ωn − x∗∥2 − ∥un − x∗∥2

= (∥ωn − x∗∥+ ∥un − x∗∥)(∥ωn − x∗∥ − ∥un − x∗∥)
≤ M1(∥ωn − x∗∥ − ∥un − x∗∥)
≤ M1∥ωn − un∥.

Using this, together with (3.38) and the fact that lim
n→∞

(
1− µλn

λn+1
+ 2γ

)
= 1−µ+2γ > 0, we see that

lim
n→∞

∥ωn − yn∥ = 0.

This completes the proof of (3.11).
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3. From the definition of Bn and Assumption 3.2, we have

Bn ≤ δn(1− αn)(1 + δn) +
2

1 + ε
+

(1− α)(δn − δn
2)

α

≤ θ1(1− α)(1 + θ1) +
2

1 + ε
+

(1− α)(θ1(1− δ1))

α
.

Hence, for someM2 > 0, we have
Bn ≤ M2.

Using (3.22), we get
∥xn+1 − x∗∥2

≤(1 + αnθn + δn(1− αn))∥xn − x∗∥2 − (δn(1− αn) + αnθn)∥xn−1 − x∗∥2

+Bn∥xn − xn−1∥2 − Cn∥xn+1 − xn∥2

≤∥xn − x∗∥2 + (αn + δn(1− αn))(∥xn − x∗∥2 − ∥xn−1 − x∗∥2) +Bn∥xn − xn−1∥2

≤∥xn − x∗∥2 + (αn + δn(1− αn))(∥xn − x∗∥2 − ∥xn−1 − x∗∥2) +M2∥xn − xn−1∥2. (3.39)

On the other hand, from the facts that αn ≤ 1
1+ε , δn < tε

(1+ε)(1−α) and t ∈ (0, 1) (see Assumption 3.2),
we have

αn + δn(1− αn) ≤
1

1 + ε
+

tε

(1 + ε)(1− α)
(1− α) < 1.

Hence, by using Lemma 2.5 (set θ = 1
1+ε +

tε
(1+ε)(1−α)(1− α) ), (3.39), (3.31), we have

lim
n→∞

∥xn − x∗∥ exists.

This completes the proof. □

Theorem 3.10. Suppose that Assumption 3.2(I)-(VI) hold. Let {xn} be the sequence generated by Algo-
rithm 3.1. Then {xn} converges weakly to a point x∗ ∈ S.

Proof. Recall from Lemma 3.9 that {xn} is bounded. Hence, we suppose that {xnk} ⊆ {xn} such that
xnk ⇀ z∗ ∈ H, k → ∞. This together with (3.11) gets ωnk ⇀ z∗ ∈ H. Therefore, by using Lemma
3.8 and (3.11), we get z∗ ∈ S. Hence, by using Lemma 2.6 (let S be C therein) and the fact that limit
lim
n→∞

∥xn − x∗∥ exists for any x∗ ∈ S, we obtain that {xn} converges weakly to an element in S. This
completes the proof. □

4. Numerical Experiments

In this section, we test Algorithm 3.1 (DIRPA for short), Algorithm 1 of Shehu, Dong and Jiang in
[27] (SDJ Alg for short), Algorithm 1 of Yao, Iyiola and Shehu in [22] (YIS Alg for short), Algorithm 3.1
of Anh in [23] (Anh Alg for short) for solving pseudomonotone VI. All codes were written in MATLAB
R2023b and performed on a PC Desktop Intel(R) Core(TM) i7-8565U CPU @1.80GHz 1.99 GHz, RAM
8.00GB.
Example 4.1. This example is taken from [29] and has been considered by many authors for numerical
experiments; see, for example, Malitsky and Semenov [30], Thong et al [12]. In there, F (x) := Mx+q,
where M = NNT + S +D, N ∈ Rm×m is a randomly generated matrix, S ∈ Rm×m is a randomly
skew-symmetric matrix, D ∈ Rm×m is a randomly positive definite diagonal matrix (hence M is
positive definite), q is a randomly vector in Rm, and

C := {x ∈ Rm : Bx ≤ b},

where B ∈ Rk×m is a random matrix, b ∈ Rk is a random vector with nonnegative entries.



DOUBLE INERTIAL STEPS RELAXED PROJECTION ALGORITHM 33

So, F (·) is strongly monotone and Lipschitz continuous on Rm with Lipschitz constant L = ∥M∥.
The projection onto C is computed by Matlab solver “quadprog”. Let q = 0, then x∗ = 0 is the unique
solution of this VI. Hence, the stopping criterion for DIRPA, SDJ Alg, YIS Alg and Anh Alg are all
dist(xn, S) ≤ 10−4, i.e.,

∥xn∥ ≤ 10−4.

The parameters for YIS Alg, SDJ Alg and Anh Alg in Table 1 follow the suggestions in their papers.
We report the number of iterations (Iter), CPU times in seconds, the dimensional numberm for different
inequality constraints in Table 2 and Table 3, averaged 5 instance.

Table 1. Parameters for DIRPA, YIS Alg, SDJ Alg and Anh Alg

DIRPA λ1 = 0.1 µ=0.9 θn=1 αn=0.2903 δ = 0.05
t = 0.99 γ=0.004 δn = n

n+1δ

YIS Alg λ1 = 0.1 µ=0.9 θn=1 αn=0.2903 δ=0.0241
SDJ Alg λ1 = 0.1 µ=0.9 θn=1 αn=0.2903
Anh Alg τ = min { 1

L ,
√

v
L} b=0.01τ v=0.45α α=min{1, 1L} δn = b+ b

5n+10

γn = 0.02δn

Table 2. Results for Example 5.1 with k = 10,m = 20

Iter CPU

DIRPA 761 1.4278
YIS Alg 820 1.9256
SDJ Alg 963 2.4261
Anh Alg 804203 592.995

Table 3. Results for Example 5.1 with k = 50

m=60 m=80
Iter CPU Iter CPU

DIRPA 2423 11.4545 5069 26.0915
YIS Alg 2734 12.9789 5533 32.5329
SDJ Alg 3768 13.1210 7395 45.1865

Example 4.2. To test high-dimensional VI, we modify the feasible set C in Example 4.1 as the nonneg-
ative orthant, that is C = Rm

+ . Let the mapping F be defined by Example 4.1. We define the feasible
set C by C := {x ∈ Rm

+}. In this case, x∗ = 0 is also the unique solution of this VI. So, the stopping
criterion is also taken ∥xn∥ ≤ 10−4. We report Iter, CPU, differentm in Table 4, averaged 5 instances.

Remark 4.1. From Table 2, we see that all algorithms can find the solution of VI, Anh Alg requires much
more CPU time. So, in the rest numerical experiments, we only test DIRPA, YIS Alg and SDJ Alg. From
Table 2 - Table 4, we see that DIRPA has the fewer total number of iterations and CPU time.
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Table 4. Results for Example 5.2 with differentm

m=1000 m=3000
Iter CPU Iter CPU

DIRPA 2666 1.1409 3103 32.9787
YIS Alg 2719 1.1950 3167 34.0118
SDJ Alg 4699 1.9999 5020 51.2496

5. Conclusion

In this paper, we propose an outer approximation algorithm DIRPA for solving pseudomonotone VI
inHilbert space. DIRPA generalizes the Algorithm 3.1 of Yao, Iyiola and Shehu in [22]. Moreover, DIRPA
allows both inertial step-sizes to be adaptively updated. By taking suitable parameters, the global weak
convergence of DIRPA is established under the same assumptions in [22]. Numerical experiments show
the efficiency of DIRPA.

Statements and Declarations

The authors declare that they have no conflict of interest, and the manuscript has no associated data.

Acknowledgments

This work was partially supported by the National Science Foundation of China (11871359), sup-
ported by the innovation team funds of China West Normal University (Grant No. KCXTD2023-3),
supported by youth project of science and technology research program of Chongqing Education Com-
mission of China (No.KJQN202402001).

References
[1] D. R. Adams and S. Lenhart. Optimal control of the obstacle for a parabolic variational inequality. Journal of Mathematical

Analysis and Applications, 268(2):602-614, 2002.
[2] E. Kobis, A. M. Kobis, and X. Qin. Nonlinear separation approach to inverse variational inequalities in real linear spaces.

Journal of Optimization Theory and Applications, 183(1):105-121,2019.
[3] O. Chaldi, Z. Chbani, and H. Riahi. Equilibrium problems with generalized monotone bifunctions and applications to

variational inequalities. Journal of Optimization Theory and Applications, 105(2):299-323, 2000.
[4] A. A. Goldstein. Convex programming in Hilbert space. Bulletin of the American Mathematical Society, 70(5):709-710,

1964.
[5] G. M. Korpelevich. An extragradient method for finding saddle points and for other problems. Ekonomika i Matematich-

eskie Metody, 12(4):747-756, 1976.
[6] M. V. Solodov and P. Tseng. Modified Projection-Type methods for monotone variational inequalities. SIAM Journal on

Control and Optimization, 34(5):1814-1830, 1996.
[7] B. He. A class of projection and contraction methods for monotone variational inequalities. Applied Mathematics and

Optimization, 35(1):69-76, 1997.
[8] D. Sun. A class of iterative methods for solving nonlinear projection equations. Journal of Optimization Theory and

Applications, 91:123-140, 1996.
[9] P. Tseng. A modified forward-backward splitting method for maximal monotone mapping. SIAM Journal on Control and

Optimization, 38(2):431-446, 2000.
[10] Y. Censor, A. Gibali, and S. Reich. The subgradient extragradient method for solving variational inequalities in Hilbert

space. Journal of Optimization Theory and Applications, 148(2):318–335, 2011.
[11] B. T. Polyak. Some methods of speeding up the convergence of iteration methods. USSR Computational Mathematics and

Mathematical Physics, 4(5):1-17, 1964.
[12] D. V.Thong, V. T. Dung, P. K. Anh, and H. V.Thang. A single projection algorithmwith double inertial extrapolation steps

for solving pseudomonotone variational inequalities in Hilbert space. Journal of Computational and AppliedMathematics,
426:Article ID 115099, 2023.



DOUBLE INERTIAL STEPS RELAXED PROJECTION ALGORITHM 35

[13] M. Ye. An inertial projection and contraction algorithm for pseudomonotone variational inequalities without Lipschitz
continuity. Optimization, 73(7):2033-2051, 2024.

[14] X. Chang, S. Liu, Z. Deng, and S. Li. An inertial subgradient extragradient algorithm with adaptive stepsizes for varia-
tional inequality problems. Optimization Methods and Software, 37(4):1507-1526, 2022.

[15] D. V. Thong and D. V. Hieu. Inertial extragradient algorithms for strongly pseudomonotone variational inequalities.
Journal of Computational and Applied Mathematics, 341:80-98, 2018.

[16] D. V. Thong and D. V. Hieu. Modified Tseng’s extragradient algorithms for variational inequality problems. Journal of
Fixed Point Theory and Applications, 20:Article ID 152, 2018.

[17] D. V.Thong, N. T. Vinh, and Y. J. Cho. Accelerates subgradient extragradient methods for variational inequality problems.
Journal of Scientific Computing, 80(3):1438-1462, 2019.

[18] J. Fan, L. Liu, and X. Qin. A subgradient extragradient algorithm with inertial effects for solving strongly pseudomono-
tone variational inequalities. Optimization, 69(9):2199-2215, 2020.

[19] Q. Dong, Y. Lu, and J. Yang. The extragradient algorithm with inertial effects for solving the variational inequality.
Optimization, 65(12):2217-2226, 2016.

[20] J. Yang and H. Liu. A Modified projected gradient method for monotone variational inequalities. Journal of Optimization
Theory and Applications, 179(1):197-211, 2018.

[21] J. Yang, H. Liu, and Z Liu. Modified subgradient extragradient algorithms for solving monotone variational inequalities.
Optimization, 67(12):2247-2258, 2018.

[22] Y. Yao, O. S. Iyiola, and Y. Shehu. Subgradient extragradient method with double inertial steps for variational inequalities.
Journal of Scientific Computing, 90:Article ID 71, 2022.

[23] P. N. Anh. Relaxed projection methods for solving variational inequality problems. Journal of Global Optimization,
90(4):909-930, 2024.

[24] H. H. Bauschke and P. L. Combettes. Convex analysis and monotone operator theory in Hilbert Space. Springer, New
York, 2011.

[25] P. -E. Mainge. Convergence theorems for inertial KM-type algorithms. Journal of Computational and Applied Mathemat-
ics, 219(1):223-236, 2008.

[26] Z. Opial. Weak convergence of the sequence of successive approximations for nonexpansive mappings. Bulletin of the
American Mathematical Society, 73(4):591-597, 1967.

[27] Y. Shehu, Q. Dong, and D. Jiang. Single projection method for pseudo-monotone variational inequality in Hilbert spaces.
Optimization, 68(1):385-409, 2019.

[28] Y. Chen and M. Ye. An inertial Popov extragradient projection algorithm for solving multi-valued variational inequality
problems. Optimization, 72(8):2069-2089, 2023.

[29] P. T. Harker and J. S. Pang. A damped-Newton method for the linear complementarity problem. In E. L. Allgower and K.
Georg, editors, Computational Solution of Nonlinear Systems of Equations: AMS Lectures on Applied Mathematics, pages
265-284. American Mathematical Society, Providence, 1990.

[30] Y. V.Malitsky andV. V. Semenov. A hybridmethodwithout extrapolation step for solving variational inequality problems.
Journal of Global Optimization, 61:193-202, 2015.


	1. Introduction
	2. Preliminaries
	3. Algorithm and Its Convergence Analysis
	4. Numerical Experiments
	5. Conclusion
	Statements and Declarations
	Acknowledgments
	References

